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Abstract. Systems of interacting non relativistic fermions in d = 1, as well as spin chains or 
interacting bidimensional Ising models, verify an hidden approximate Gauge invariance which can 
be used to derive suitable Ward identities. Despite the presence of corrections and anomalies, such 
Ward identities can be implemented in a Renormalization Group approach and used to exploit non- 
trivial cancellations which allow to control the flow of the running coupling constants; in particular 
this is achieved combining Ward identities, Dyson equations and suitable correction identities for 
the extra terms appearing in the Ward identities, due to the presence of cutoffs breaking the local 
gauge symmetry. The correlations can be computed and show a Luttinger liquid behavior charac- 
terized by non universal critical indices, so that the general Luttinger liquid construction for one 
dimensional systems is completed without any use of exact solutions. The ultraviolet cutoff can be 
removed and a Quantum Field Theory corresponding to the Thirring model is also constructed. 



1. Introduction 

1.1 Luttinger liquids. 

A key notion in solid state physics is the one of Fermi liquids, used to describe systems of inter- 
acting electrons which, in spite of the interaction, have a physical behavior qualitatively similar to 
the one of the free Fermi gas. In analogy with Fermi liquids, the notion of Luttinger liquids has 
been more recently introduced, to describe systems behaving qualitatively as the Luttinger model, 
see for instance [A] or [Af]; their correlations have an anomalous behavior described in terms of 
non universal (i.e. nontrivial functions of the coupling) critical indices. 

A large number of models, for which an exact solution is lacking (at least for the correlation 
functions) are indeed believed to be in the same class of universality of the Luttinger model or 
of its massive version, and indeed in the last decade, starting from [BG], it has been possible to 
substantiate this assumption on a large class of models, by a quantitative analysis based on Renor- 
malization Group techniques, which at the end allow us to write the correlations and the critical 
indices as convergent series in the coupling. We mention the Schwinger functions of interacting 
non relativistic fermions in d = 1 (modelling the electronic properties of metals so anisotropic to be 
considered as one dimensional), in the spinless [BGPS], in the spinning case with repulsive interac- 
tion [BoM] , or with external periodic or quasi-periodic potentials [M] ; the spin-spin correlations of 
the Heisenberg XYZ spin chain [BMl], [BM2]; the thermodynamic functions of classical Ising sys- 
tems on a bidimensional lattice with quartic interactions like the Eight-vertex or the Ashkin-Teller 
models [Ml]; and many others, see for instance the review [GM]. 

In all such models the observables are written as Grassmannian integrals, and a naive evaluation 
of them in terms of a series expansion in the perturbative parameter does not work; it is however 
possible, by a multiscale analysis based on Renormalization Group, to write the Grassmannian 
integrals as series of suitable finitely many parameters, called running coupling constants, and this 
expansion is convergent if the running coupling constants are small. The running coupling constants 
obey a complicated set of recursive equations, whose right hand side is called, as usual, the Beta 
function. The Beta function can be written as sum of two terms; one, which we call principal part 
of the Beta function, is common to all such models while the other one is model dependent. It 
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turns out that, if the principal part of the beta function is asymptotically vanishing, than the flow 
of the running coupling constants in all such models can be controlled just by dimensional bounds, 
and the expansion is really convergent; the observables are then expressed by explicit convergent 
series from which the physical information can be extracted. On the other hand the principal part 
of the Beta function coincides with the Beta function of a model, which we call reference model, 
describing two kind of fermions with a linear " relativistic" dispersion relation and with momenta 
restricted by infrared and ultraviolet cutoffs, interacting by a local quartic potential. 
In order to prove the vanishing of the Beta fimction of the reference model (in the form of the 
bound (3.3) below), one can use an indirect argument, based on the fact that the reference model is 
close to the Luttinger model, and then use the Luttinger model exact solution of [ML], see [BGPS], 
[BM3]. 

In this paper we show that indeed the vanishing of the principal part of the Beta function can be 
proved without any use of the exact solution, by using only Ward identities based on the approximate 
chiral gauge invariance of the reference model. 

As exact solutions arc quite rare and generally peculiar to d = 1, while RG analysis and Ward 
identities are general methods working in any dimension, our results might become relevant for the 
theory of non- Fermi liquids in d > 1. We remember that there is experimental evidence for non 
Fermi liquid (probably Luttinger) behavior in high Tc superconductors [A], which are essentially 
planar systems. 

Ward identities play a crucial role in Quantum Field Theory and Statistical Mechanics, as they 
allow to prove cancellations in a non perturbative way. The advantage of reducing the analysis of 
quantum spin chains or interacting Ising models to the reference model is that such model, formally 
neglecting the cutoffs, verifies many symmetries which were not verified by the spin chain or spin 
models; in particular it verifies a total gauge invariance symmetry ^^.w ~* ^^^"''V'x.w ^^'^ chiral 
gauge invariance ip^u) ~^ e^'"''''*''^^^^. Such symmetries are hidden in Ising or spin chain models, 
as they do not verify chiral gauge invariance, even if they are "close" , in an RG sense, to a model 
formally verifying them. 



1.2 The reference model. 

The reference model is not Hamiltonian and is defined in terms of Grassmannian variables. It 
describes a system of two kinds of fermions with linear dispersion relation interacting with a local 
potential; the presence of an ultraviolet and an infrared cutoff makes the model not solvable. 
Given the interval [0, L], the inverse temperature /3 and the (large) integer A^, we introduce in 
A = [0,1/] X [0,/3] a lattice Ajv, whose sites are given by the space-time points x = {x,xo) = 
{na, nouo), a = L/N, ao = (3/N, n,no = 0,1, . . . ,N — 1. We also consider the set V of space-time 
momenta k = {k,ko), with k = ^{n + 5) and ko = ^(no + |), n,no = 0,1, . . . ,N — 1. With 

each k. G D we associate four Grassmannian variables ^jf^'*^, cr, a; e {+, — }. Then we define the 
functional integration J VtjA'^'^^ as the linear functional on the Grassmann algebra generated by the 
variables 4'^^'^^'^ , such that, given a monomial Q('!/') in the variables ^jf^^'^, its value is 0, except 

in the case Q(V') = IlkeD ui=± V'k'w'~V'k'w'^' ^° ^ permutation of the variables. In this case the 
value of the functional is determined, by using the anticommuting properties of the variables, by 

/ I?V['''"lQ('0) = 1 . 

The lattice is introduced only to allow us to perform a non formal treatment of the Grassman- 
nian integrals, as the number of Grassmannian variables is finite, and eventually the limit N ^ 00 

is taken, see [BMl]. 

We also define the Grassmannian fi,eld on the lattice Ajy as 

&^ = ^E^'^''''€T^ xeA^v. (1.1) 

Note that V'x^i?''' is antiperiodic both in time and space variables. 
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We define 



and 

I '^a;=±lkel> J 

with AA = nkGX)[(-^/3)"^(-fco - k^)Ch,oOif] and /dx is a shortliand for "a oq ExeA„"- The 
function Ch,oO^) acts as an ultraviolet and infrared cutoff and it is defined in the following way. 
We introduce a positive number 7 > 1 and a positive function Xo{t) € C°°(M+) such that 

^°(*) = |o ifi>7o" 1<70<7, ^'-'^ 

and wc define, for any integer j < 0, /j(k) = xo(7~"'|k|) — xo(7~"'~''"'^|k|). Finally wc define 
Xh,o(k) — [C/i,o(k)]~^ = Y^'j^h fji^) so that [C?j,o(k)]~^ is a smooth function with support in the 
interval {7'*"^ < |k| < 7}, equal to 1 in the interval {7'* < |k| < 1}. 
We call simply ip and we introduce the generating functional 

W{^, J) = log J p(rfV')e-^('^'+S- . (1.5) 



Fig. 1: Graphical representation of the interaction V{il)) and the density V'^wV'xa; 

The Grassmannian variables 0^ u antiperiodic in xq and x and anticommuting with themselves 
and Vxoj' while the variables Jx,^^, are periodic and commuting with themselves and all the other 
variables. The Schwinger functions can be obtained by functional derivatives of (1.5); for instance 

G^>i(x;y,z) = J m<t>,J)U=J=o , (1-6) 

d 9^ 9^ 
G;^'1(x;xi,X2,X3,X4) = _^ + — W{(t>,J)\4,=j=o , (1.7) 

Gt(xi,X2,X3,X4) = W(0, J)U=j=o , (1.8) 



Gl{y,z)= W(0,J)U^j^o- (1-9) 

C'0y, 0,002,0, 
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Fig. 2: Graphical representation of the Schwinger functions Gj'^, G^'^, G^, G^ 

If Q{ip) is a monomial in the Grassmannian variables, it is easy to see that / P{dtp) is given by 
the anticommutative Wick rule; the corresponding propagator 

is singular asi,/J— >ooatk = 0. The simplest way of computing the Grassmannian integral 

(1.5) is to expand in power scries of A the exponential, obtaining many Grassmannian integrals 
of monomials, which can be computed by the anticommutative Wick rule. This procedure makes 
it possible to write series expansions for the Schwinger functions, for example those defined in 

(1.6) -(1.9), and to prove that they arc absolutely convergent, in the limit L,f3 ^ oo, for |A| < eh, 
with Sh AS h —^ — oo; in other words, the estimated radius of convergence vanishes as the 
infrared cutoff is removed. In this paper we will show that it is possible to modify the expansions, 
through a resummation of the power series in A, so that it is possible to prove that they are well 
defined and convergent even when the infrared cutoff is removed {h — oo); as a corollary we 
prove vanishing of the Beta function in the form of the bound (3.3) below. 

It is also possible to remove the ultraviolet cutoff, so constructing a relativistic quantum field 

theory, the massless Thirring model [T]; this is shown in the Appendix. Note finally that the 
reference model, if both the infrared and ultraviolet cutoffs are removed and the local potential is 
replaced by a short-ranged one, coincides with the Luttinger model, which was solved in [ML]; the 
presence of cutoffs makes however the model (1.5) not solvable. 

1.3 Sketch of the proof: the Dyson equation. 

This paper is the conclusion of our construction of d = 1 Luttinger liquids with no use of exact 
solutions, started in [BMl], [BM2], [BM3], whose results will be used here. 

The analysis starts by expressing the Grassmann integration in (1.5) as the product of many inde- 
pendent integrations, each of them "describing the theory at a certain momentum scale 7-'" , with j 
an integer such that h < j < and 7 > 1. This allows us to perform the overall functional integra- 
tion by iteratively integrating the Grassmanian variables of decreasing momentum scale. After \j\ 
integration steps one gets a Grassmannian integral still similar to (1.5), the main differences being 
that the Grassmannian fields acquire a wa,ve function renormalization Zj , the local terms quartic 
in the fields in the interaction have coupling Aj (the effective interaction strength at momentum 
scale 7-') and the local terms J^'w V'J have coupling (the density renormalization). This itera- 
tive procedure allows us to get an expansion, resumed in §2, for the Schwinger functions; they are 
written as series in the set of parameters Aj, j = 0,-1, ...ft-, called running coupling constants. It 
was proved in [BMl] that, if the running coupling constants are small enough, such expansions are 
convergent, as a consequence of suitable cancellations due to the anticommutativity of fermions. 

However, the property that the running coupling constants are small is not trivial at all; it is 
related to very complex and intricate cancellations at all orders in the perturbative series, eventually 
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implying that the effective interaction strength A^- stays close to its initial value A for any j; while 
one can easily check that cancellations are present at lowest orders by an explicit computation, 
to prove directly that the cancellations are present at every order seems essentially impossible. In 
order to prove that Xj remains close to A for any j, we use the fact that the Schwinger functions, 
even if they are expressed by apparently very different scries expansion, arc indeed related by 
remarkable identities; on the other hand the Fourier transform of Schwinger functions computed 
at the cut-off scale are related to the running coupling constants or to the renormalization constants 
at the cutoff scale (sec; Theorem 2.1). so that identities between Schwinger functions imply identities 
between coupling or renormalization constants. 

As G"* computed at the cutoff scale is proportional to A^, see (2.37) below, it is natural to write 
(see §3) a Dyson equation for G^: 




Fig. 3: Graphical representation of the Dyson equation (1.11); 
the dotted line represents the "bare" propagator g{]s.4) 

The l.h.s. of the Dyson equation computed at the cutoff scale is indeed proportional to the 

effective interaction (see (2.37) below), while the r.h.s. is proportional to A. // one does not 
take into account cancellations in (1.11), this equation only allows us to prove that \Xh\ < Ch\X\, 
with Cfi diverging as h ^ —oo. However, inspired by the analysis in the physical literature, see 
[DL], [S], [MD], we can try to express G"^^ and G^'^, in the r.h.s. of (1-11), in terms of Gj and Gf, 
by suitable Ward identities and correction identities. 

1.4 Ward identities and the first addend of (l-ll). 

To begin with, we consider the first addend in the r.h.s. of the Dyson equation (1.11). A 
remarkable identity relating G^'^ to G\ can be obtained by the chiral Gauge transformation '^i'x,+ ~* 
giiQ^y^i^^ V^x - ^ V^x - ™ the generating functional (1.5); one obtains the identity (3.14) below, 
represented pictorially in Fig. 4, with D^^ip) = —ipo +cop. 
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p = k-q 



P 



Fig. 4: Graphical representation of the Ward identity (3.14); 
the small circle in represents the function C+ of (3.16) 

The above Ward identity provides a relation between G^^, G^ and a correction term A^'^, which 
can be obtained, through the analogue of (1.6), from a functional integral very similar to (1-5), with 
the difference that J dpdkJp^^^ip^ ^ip^_p ^ is replaced by / rfprfkG+(k, k— p) JpV'k _|_V'k-p 
the fmiction G+(k, k — p), defined in (3.16) below and represented by the small circle in Fig. 4, 
is vanishing (like the term itself) if G^q = 1, that is the correction term would vanish if no 
cutoffs (which break Gauge invariance) were present in the model. 

Remark. The above Ward identity is usually stated in the physical literature by neglecting the 
correction term A"^^; wc shall call in general formal Ward identities the Ward identities one obtains 
by putting equal to the correction terms. The formal Ward identities are generally derived, see 
[DL], [S], [MD], by neglecting the cutoffs, so that the propagator becomes simply D^{\s.)~^ and 
one can use the following relation 

D^{p)-\D^{]^)-^ - D^(k + p)-i) = D<,(k)-iZ)^(k + p)-i . (1.12) 

After the derivation of the formal Ward identities, the cutoffs are introduced in order to have non 
diverging quantities; this approximation leads however to some well known inconsistencies, see [G]. 

The use of Ward identities is to provide relations between Schwinger functions, but the correction 
terms (due to the cutoffs) substantially affect the Ward identities and apparently spoil them of 

their utility. However there are other remarkable relations connecting the correction terms to the 
Schwinger functions; such correction identities can be proved by performing a careful analysis of 
the renormalized expansion for the correction terms, and come out of the peculiar properties of 
the function G+(k, k — p), sec [BM2] and section 4. For example, the analysis of [BM2] implies 
that A_^ verifies the following correction identity, see Fig. 5 

A^^(p,k,q) = !.+£)+(p)G^^(p,k,q) +j/_£)_(p)G!.'^(p,k,q) +ff|'^(p,k,q) (1.13) 

where are 0(A) and weakly dependent on h, once we prove that Xj is small enough for 

j > h, and H^^{p, k, q) can be obtained through the analogue of (1.6), from a functional integral 
very similar to (1.5), with the difference that J2w I '^P'^'*"^p,wV'k,a;V'k-p,w replaced by 

/ dpdkC+{k, k - p)JpV^,+^k-p,+ - E / dpdkJMp)iJ+^i^+_^,^ . (1.14) 

The crucial point is that H"^^ , when computed for momenta at the cut-off scale, is 0(7^'^) smaller, 

with Q < 6 < 1 a positive constant, with respect to the first two addends of the r.h.s. of (1.13). 
In other words the correction identity (1.13) says that the correction term A^ , which is usually 
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Fig. 5: Graphical representation of the correction identity (1.13); 
the filled point in the last term represents (1.14) 

Note that (1.13) was not explicitly stated in [BM2], but its proof, which we omit here too, is 
implicitly contained in the proof of Theorem 4 of that paper. One has to use a strategy similar 

(but much simpler) to that used in §4.3 below. 

Inserting the correction identity (1.13) in the Ward identity (3.14), we obtain the new identity 

(1 - u+)D+{p)Gl\p,k,ci) - u_D_ip)G^_!\p,k,ci) = G^(q) - G^(k) (p,k,q) . (1.15) 

In the same way one can show that the formal Ward identity D_(p)G^^(p, k, q) = becomes, if 
the cutoffs are taken into account 

(l-z.L)i?-(p)G!.''(p,k,q)-i.;i?+(p)G^i(p,k,q) =i?!'i(p,k,q) , (1.16) 

where, by symmetry reasons, u'^ = Uzp and H^^ satisfying a bound similar to that of H^^, when 
computed for momenta at the cutoff scale. 
Remark. By removing both the ultraviolet and the infrared cutoff, sec the Appendix, the functions 
vanishes, if we fix the momenta to some cutoff independent values. Hence the formal Ward 
identities are not true, even after the removal of the infrared and ultraviolet cutoff, but must be 
replaced by (1.15) and (1.16), with = 0. In other words, the presence of cutoffs produces 

modifications to the formal Ward identities, which persist when the cutoffs are removed, a phe- 
nomenon known as anomaly; in the case of Ward identities based on chiral gauge transformations, 
one speaks of chiral anomaly, see [Z]. 

The identities (1.15) and (1.16) allow us to write in terms of G2 and H^^. If we put the 
expression so obtained in the first addend of (1.11), we can prove that it is indeed proportional 
to A with the "right" proportionality constant, see (3.30), (3.31) below. Note that in (3.31) we 
make reference to a bound explicitly proved in [BM2] , which is expressed directly in terms of the 
function A^^. In the following section we shall explain how a similar strategy can be applied to 
the second addend of (1-11). 

1.5 Ward identities and the second addend of (1-11) ■ 

The analysis of the second addend of (1.11) is more complex, the reason being that p is integrated 
instead of being fixed at the infrared cutoff scale, as it was the case for the first addend. If we 
simply compute G^'^ by our series expansion and we insert it in the second addend of (1.11), we 
get a "bad" bound, just by dimensional reasons. We can however derive a Ward identity for G^'^, 
in the form of (3.17) below, see Fig. 6. 
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= ki + ks - k2 - k4 
Fig. 6: Graphical representation of the Ward identity (3.17) 



If wc insert the above identity in the second addend of the Dyson equation, we get three terms 
(all multiplied by A); two of them, the ones involving the G'\_ functions (which are of the form 
g{'k4){L(3)^^ Xlp^+-^+(p)^)' admit good bounds, see (3.33) below. On the contrary, the third 
term, which is of the form g{]s.i){Ll3)-'^ A^^£)+(p)-\ has a "bad" bound, see [BM3]. This is 
not surprising, as also A_^^^ verifies a correction identity, which represents it in terms of G_^^ and 
Gtl^; see (3.23) below and Fig. 7. 




Fig. 7: The correction identity for A^'^; the filled point in the last term represents (1.14) 



By combining the above equation and the Ward identities for G^'^ and gI'^ we obtain, after 
some algebra, an equation relating G^^ to G"^ and functions H'^^ and H^^; see (3.24) be- 
low. Inserting this expression in the second addend of the r.h.s. of the Dyson equation, we 
get our final expression, see (3.26) below, for the Dyson equation, containing several terms; among 
them the ones still requiring a further analysis are the ones involving the functions H±^, namely 
5(k4)(L/3)-i Ep^±^^+(P)"^ represented as in Fig. 8. 
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, k4 



Fig. 8: Graphical representation of the term containing 



The analysis of such tcrnis is done in §4; we again start by writing for tlicni a Dyson equation 
similar to (1.11), in which the analogous of the first addend in the l.h.s. vanishes; this Dyson 
equation allows to write this term in terms of a function G4 similar to G4. 




Fig. 9: Graphical representation of the Dyson equation for the correction. 



We can study G4 by a multiscale analysis very similar to the one for G"'; the presence of a "special" 
vertex (the one associated to the filled point in Fig 9) has however the effect that a new running 
coupling appears, associated with the local part of the terms with four external lines among which 
one is the dotted line in Fig. 9, to which the bare propagator .g(k4) is associated; we will call this 
new running coupling constant A^ . It would seem that we have a problem more difficult than our 
initial one, since we have now to control the flow of two running coupling constants, Xj and Xj, 
instead of one. However, it turns out, sec Lemma 4.2, that and Aj are not independent but 
are essentially proportional; this follows from a careful analysis of the expansion for Xj, based on 
the properties of the function Caj(k, k — p). One then gets for G4 a bound very similar to the 
one for G4, except that X^ is replaced by Xh (but Xh and Xh are proportional) and there is no 
wave function renormalization associated to the external line with momentum k4 (to such line is 
associated a "bare" instead of a "dressed" propagator, like in G4). We can however identify two 
class of terms in the expansion of G4, see Fig. 10, and summing them has the effect that also the 
external line with momentum k4 is dressed by the interaction, and this allows us to complete the 
proof that A^ = A + O(A^) for any h. 
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Fig. 10: The last resummation 

Finally wc show in the Appendix that a simple extension of our analysis implies that also the 
ultraviolet cutoff can be removed, that is we can construct a QFT corresponding to the Thirring 
model. 

2. Renormalization Group analysis 

2.1 Multiscale integration. 

We resume the Renormalization Group analysis in [BMl] for the generating function (1.5). The 
functional integration of (1.5) can be performed iteratively in the following way. We prove by 
induction that, for any negative j, there are a constant Ej, a positive function Zj{\s.) and functionals 

V(J) and e(^) such that 



-L0Ej J p_ ^ (^^[M)e-v"'(v^V'''''^')+B"'(v^^''''^'A^)^ (2.1) 



k:Ca,,(k)>Oa'=±l 



^i(k) 



where: 

1) Pg. . {dtp^^'^^) is the effective Grassmannian measure at scale j, equal to, if Zj = maxk ^j(k), 

(2.2) 

(2.3) 
(2.4) 



• j-7flE c,,,(k)z,(k)^^['^.^i+i)4k)4';f 

AA,(k) = {Lp)-'CnA^)Z,{k)[-kl - k']'/' , 
j 

<^ft,i(k)-' = ^/r(k)=Xfc,i(k) , D^{\c) = -iko+u;k; 



r=h 



2) the effective potential on scale j, V'^-^^(V'), is a sum of monomial of Grassmannian variables 
multiplied by suitable kernels, i.e. it is of the form 

^^'^W = E7T^ E n<',..^Sjki,...,k2„_r)W^a.k. , (2.5) 

n=\ ^ ^' ki,. .,k2„ i=l \i=l / 



where di = + for z = 1, . . . , n, (7^ = — for i = n + 1, . . . , 2n and a; = (cji, . . . , cj2n); 
3) the effective source term at scale j, B^^\y/Zj^, (f>, J), is a sum of monomials of Grassmannian 
variables and dr^ , J field, with at least one 6^ or one J field; we shall write it in the form 



(2.6) 
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where B^^\ip) and Bj\ip) denote the sums over the terms containing only one (p or J field, 
respectively. 

Of course (2.1) is true for j = 0, with 



(2.7) 



Let us now assume that (2.1) is satisfied for a certain j < and let us show that it holds also with 
J — 1 in place of j. 

In order to perform the integration corresponding to V'*^-'^ , wc write the effective potential and the 
effective source as sum of two terms, according to the following rules. 

We split the effective potential V'-'-' as CV^^'' + TZV^^\ where TZ = 1 — C and C, the localization 
operator, is a linear operator on functions of the form (2.5), defined in the following way by its 

±o vv - 

1) If 2n = 4, then 



action on the kernels . 



£Wif^(ki, k2, ks) = Wlfj(k++, k++, k++) , (2.8) 

where k^^/ = (r/7ri~^, t^'tt/?"^). Note that £W4'2(ki,k2,k3) = 0, if X^^^i^i ^ 0, by simple 
symmetry considerations. 

2) If 2n = 2 (in this case there is a non zero contribution only if ui = 1V2) 

^^i:2(k) = i E W^:l{Kr,'){l + V^+ri'\] , (2.9) 

3) In all the other cases 

CW^i]j\^i,...Mn-i)=0. (2.10) 

These definitions are such that £^ = £, a property which plays an important role in the analysis 
of [BMl]. Moreover, by using the symmetries of the model, it is easy to see that 

£V(i) (^[^i] ) = ^^F^h,j] ^ ^^pl^h.j] ^ ^^p[h,j] ^ ^2.11) 



where zj, aj and Ij are real numbers and 



^""' = 71^ E 4';?Ci"4';'^^4':'^"^(ki-k2+k3-k4). (2.14) 

ki,...,k4:C-J(ki)>0 

83; and 9o are defined in an obvious way, so that the second equality in (2.12) and (2.13) is satisfied; 
if A'' = 00 they are simply the partial derivative with respect to x and xq. Note that jCV^^^ = V^°\ 
hence = A, ao = 2:0 = 0. 

In the limit L = = 00 one has aj = zj as a trivial consequence of the symmetries of the 
propagator, li L, P arc finite this is not true and by dimensional arguments it follows that Zj — aj 
is of order 7"-' max{L~^, 
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Analogously wc write S^-') = LB^^^ + TZB^^\ TZ = 1 — jC, according to the following definition. 
First of all, we put JOW^^ = W^K Let us consider now Bj\y/^ip). It is easy to see that the 
field J is equivalent, from the point of view of dimensional considerations, to two ip fields. Hence, 
the only terms which need to be renormalized are those of second order in tp, which are indeed 
marginal. We shall use for them the definition 



Bf^\^,^)=Y.j c?xa!ydzB<,,<,(x,y,z)J^,„(yZ-^+-)(yZ-^--) 
dp (ik 



E 



(2.15) 



(27r)2 (27r)" 



:i3^,i(p,k)J(p)(y^V++k,i)(V^V'k,i) • 



We regularize Bj''^\y/Zj'il;), in analogy to what we did for the effective potential, by decomposing 
it as the sum of jCBj'^\y^tp) and TZBj''^\y^ip), where jC is defined through its action on 
Ba)(Pjk) in the following way: 



(2.16) 



where fc^,^' was defined above and p,, = (0, 27r?7'//3). In the limit L = /3 = oo it reduces simply to 

This definition apparently implies that wc have to introduce two new rcnormalization constants. 
However, one can easily show that, in the limit ^ oo, iJ<^,_<^(0, 0) = 0, while, at finite L and 
/3, CB^-^ behaves as an irrelevant term, see [BMl]. 

The previous considerations imply that we can write 



rB^'^Hv^V) = E ^ / rfxj^,a,(v^<J(^V'. 



(2.17) 



Finally we have to define C for B^ (y^^ip); we want to show that, by a suitable choice of the 
localization procedure, if J < —1, it can be written in the form 



which defines the rcnormalization constant Z, 



(2) 



B 



(n/^^)-E E / 



+ 



[h,j] 
k,a? 



(2.18) 



where g:j''-'\]<.) = g'^> {k)Q}^> {k), with 



/j(k) = fj{]s.)Zj-i[Zj-i{\s.)] ^ and Qu\k) defined inductively by the relations 
QO)(k) = Q^J+'Hk) - zjZM\^) E ffS'^'^k) , QW(k) = 1 



1 /j(k) 



(2.19) 



(2.20) 
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Note that gjj'' (k) does not depend on the infrared cutoff for j > h and that (even for j = h) g^^^ (k) 
is of size Zj]:^^^^ ^ see discussion in §3 of [BM2], after eq. (60). Moreover the propagator ^^'^'■'(k) 
is equivalent to g'^'' (k) , as concerns the dimensional bounds. 

The C operation for B^^^ is defined by decomposing V^-^'^ in the r.h.s. of (2.18) as CV'^^^ + TiV^^\ 
£V(^) being defined by (2.11). 

After writing V^-') = CV^^'> +nv''^'> and S^^) = CB'-^'^ +nB^^\ the next step is to renormalize the 
free measure P^^. , {dtp^'^'^^), by adding to it part of the r.h.s. of (2.11). We get 



(2.21) 



where 



Z,_i(k) = Z,-(k)[l + XhA^>j] , (2-22) 
V(^'H^/^V'^'''' ) = V^^') {^/Z'jiJ^'''^^ ) - ZjZj [F^'^'^'J + F^^'^^] , (2.23) 

and the factor exp(— L/3tj) in (2.21) takes into account the different normalization of the two 
measures. Moreover 

B^'\^/z]iJ^'^''^) = B'^f i^ji;^'"'^^) + B'-p {^ji^^''-^'^) + W'jp , (2.24) 

where B^ is obtained from B^ by inserting (2.23) in the second line of (2.18) and by absorbing 
the terms proportional to zj in the terms in the third line of (2.18). 
If j > h, the r.h.s of (2.21) can be written as 



V<J> (yzJ[i/'l'''^-il+V"'])+B<^' (yzJ['/''''''"''+V'<^'l) 



(2.25) 



where P^, f-i{dip^^'^) is the integration with propagator gjj\]s.). 
We now resettle the field so that 



V^^H^/z'jiJ^'''^^)=V^^\^/Z~^i;^'''^^) , B^^\y/Z]i}^^'^^) = B^^\^/Z~ii,^^'^^) ■ (2.26) 
it follows that (in the limit L,P = oo, so that aj = Zj, see above) 

CVU) ^^[h,3] ) = AjFf '^'J , (2.27) 



where Aj = (Z^ZJ-J:^)^!^. If we now define 



v"-^'(^i~rv""^-'0+^""''(^^'^""'"'0-^'3^^- = 

= j Pz ^--i(#^^'^)e"*"^(\/^['^'''''"''+'^'''l)+^"^(\/^['^'''''^ 



e 



(2.28) 



it is easy to see that V'-'^^-' and B'^^^^^ are of the same form of V*-"'-' and B^^^ and that the procedure 
can be iterated. Note that the above procedure allows, in particular, to write the running coupling 
constant Aj, < j < /i, in terms of A^', > j' > j + 1: 

Xj=(3f\Xj+^,...,\o) , Ao=A, (2.29) 
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The function /3j'*^(Aj+i, Ao) is called the Beta function. By the remark above on the indepen- 
dence of scale j propagators of h for j > h, it is independent of h, for j > h. 

2.2 Tree expansion. 

At the end of the iterative integration procedure, we get 



J) = -L(3El,0 + J2 4n.^,nA<l>, J) . 
m*+n''>l 



(2.30) 



where El.p is the free energy and S^'^^ „j(</') are suitable functional, which can be expanded, as 
well as -El.,/3. the effective potentials and the various terms in the r.h.s. of (2.6) and (2.5), in terms 
of trees (for an updated introduction to trees formalism see also [GM]). This expansion, which is 
indeed a finite sum for finite values of N, L, (3, is explained in detail in [BGPS] and [BMl], which 
we shall refer to often in the following. 

Let us consider the family of all trees which can be constructed by joining a point r, the root, with 
an ordered set of n > 1 points, the endpoints of the unlabelled tree, so that r is not a branching 
point. Two unlabelled trees are identified if they can be superposed by a suitable continuous 
deformation, so that the endpoints with the same index coincide. 

n will be called the order of the unlabelled tree and the branching points will be called the non 
trivial vertices. The unlabelled trees are partially ordered from the root to the endpoints in the 

natural way; we shall use the symbol < to denote the partial order. 

We shall consider also the labelled trees (to be called simply trees in the following), see Fig. 11; 
they are defined by associating some labels with the unlabelled trees, as explained in the following 
items. 




Fig. 11: A tree r and its labels. 

1) We associate a label j < with the root and we denote Tj^n the corresponding set of labelled 
trees with n endpoints. Moreover, wc introduce a family of vertical lines, labelled by an integer 
taking values in [j, 1], and we represent any tree r € 7}^„ so that, if v is an endpoint or a non 
trivial vertex, it is contained in a vertical line with index hy > j, to be called the scale of v, while 
the root is on the line with index j. There is the constraint that, if v is an endpoint, > j ' + 1. 

The tree will intersect in general the vertical lines in set of points different from the root, the 
endpoints and the non trivial vertices; these points will be called trivial vertices. The set of the 
vertices of r will be the union of the endpoints, the trivial vertices and the non trivial vertices. 
The definition of h-^ is extended in an obvious way to the trivial vertices and the endpoints. 

Note that, if vi and V2 are two vertices and vi < V2, then hy^ < hy.^. Moreover, there is only one 
vertex immediately following the root, which will be denoted Vo and can not be an endpoint; its 
scale is j + 1. 

2) There are two kind of endpoints, normal and special. 
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With each normal endpoint v of scale hy we associate the local term £V(^")('^['*''*'' ^l) of (2.27) 
and one space-time point x^,. We shall say that the endpoint is of type A. 

There are two types of special endpoints, to be called of type </> and J; the first one is associated 
with the terms in the third line of (2.18), the second one with the terms in the r.h.s. of (2.17). 
Given v G t, we shall call nf and n:^ the number of endpoints of type (j) and J following v in the 
tree, while will denote the number of normal endpoints following v. Analogously, given r, we 
shall call nf and the number of endpoint of type (j) and J, while Ur will denote the number of 
normal endpoints. Finally, 7^- „ „ j will denote the set of trees belonging to 7}^„ with n normal 
endpoints, n'^ endpoints of type and n"^ endpoints of type J. Given a vertex v, which is not an 
endpoint, x„ will denote the family of all space-time points associated with one of the endpoints 
following V. 

3) There is an important constraint on the scale indices of the endpoints. In fact, if v is an 

endpoint normal or of type J, hy = hyi + 1, if v' is the non trivial vertex immediately preceding 
V. This constraint takes into account the fact that at least one of the 'ifi fields associated with an 
endpoint normal or of type J has to be contracted in a propagator of scale hyi, as a consequence 
of our definitions. 

On the contrary, if v is an endpoint of type </>, we shall only impose the condition that ft„ > ft,,/ + 1. 
In this case the only ip field associated with v is contracted in a propagator of scale /i„ — 1, instead 
of hyi . 

4) If V is not an endpoint, the duster Ly with frequency hy is the set of endpoints following the 
vertex v. if v is an endpoint, it is itself a {trivial) cluster. The tree provides an organization of 
endpoints into a hierarchy of clusters. 

5) We associate with any vertex v of the tree a set Py, the external fields of v. The set Py includes 
both the field variables of type ij) which belong to one of the endpoints following v and are not yet 
contracted at scale hy (in the iterative integration procedure) , to be called normal external fields, 
and those which belong to an endpoint normal or of type J and are contracted with a field variable 
belonging to an endpoint v of type (j) through a propagator gQ'i^v-^)^ called special external 
fields of V. 

These subsets must satisfy various constraints. First of all, if v is not an endpoint and wi, . . . , 
are the Sy vertices immediately following it, then Py C UjP^. . We shall denote Q^. the intersection 
of Py and Py^; this definition implies that Py = DiQvi- The subsets Pvi\Qvi, whose union will be 
made, by definition, of the internal fields of v, have to be non empty, if Sy > 1, that is if w is a non 
trivial vertex. 

Moreover, if the set Py^ contains only special external fields, that is if \Pyo\ = n'^ , and vo is the 
vertex immediately following vq, then \Pyo \ < \Pvo\- 

2.3 Dimensional hounds. 
We can write 

oo -1 . 2m* n-' 

= Y. Y.h^^ "^xU, n ■^-2^*+..-2^*+.'^2m*,„^r,c.(x) , 

|P„ol=2m* 

where w = a; = . . . , W2TO*-i-ra-'}) 2£ = {^Ij ■ ■ ■ ■> '^2m'i>+n-'} and cr, = + if i is odd, cr, = — if i is 
even. 

Let us define \j = maxfe>j |Afc|; in §3 of [BMl] it is proved that the kernels satisfy the following 
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(2.31) 



bound: 

2m* _h 
^"^-Jo(-2+m*+n-') TT _J_ 



I 



. (2) (2.32) 

•n^ n (^)'^"'/v-, 

r=l V not e.p ^ 

where hi is the scale of the propagator hnking the i-th endpoint of type to the tree, hr is the 
scale of the r-th endpoint of type J and 

d„ = -2+|P„|/2 + < + 5(P„) , (2.33) 

with 

rz(P„) ifn^<l,n;;-0, 

AP.)^\\ ifn^=0,< = l,|P,| = 2, (2.34) 
V otherwise 
and z{Py) = 1 if |P„| = 4, z{P.^ = 2 if |P^| = 2 and zero otherwise. 

As explained in §5 of [BMl], one can sum over the trees r only if dy > 0. While it is not true in 

general that dy > in (2.32), it is true for the trees contributing to G^]^, G^, G'^ with external 
momenta computed at the cutoff scale; hence by using the bound (2.32), one can prove, see [BM2] 
§3.5, the following theorem. 

Theorem 2.1 There exists sq such that, ifXh < eo md |k| = 7'', then 

7(2) 

Gy{2k, k) = - ^T^j^ [1 + 0{Xl)] , (2.35) 

Glik, -k, -k) = Z-'\k\-^[-X, + OCXl)] . (2.37) 



The expansion for (2.35), (2.36), (2.37) in terms of the running coupling constant A^- is convergent 
if Xj is small enough for all j > h. This property is surely true if is at most of order |A|~^, but 
to prove that it is true for any \h\ is quite nontrivial, as it is consequence of intricate cancellations 
which are present in the Beta function. In the following section we will show, by using Ward 
identities and a Dyson equation, that indeed Xj is small enough for all j > h for any h, that is 
uniformly in the infrared cutoff, so that the above theorem can be applied. 



3. Vanishing of Beta function 

3.1 The main theorem 

The main result of this paper is the following theorem. 

Theorem 3.1 The model (1.5) is well defined in the limit /i — > — 00. In fact there are constants 
£1 and C2 such that |A| < ei implies Xj < C2S1, for any j < 0. 

Proof - The proof of Theorem 3.1 is done by contradiction. Assume that there exists a h < 
such that 

Xh+i < C2S1 < \Xh\ < 2c2ei < £0 , (3.1) 



2/ febbraio/2008; 10:04 



16 



where eq is the same as in Theorem 2.1. We show that this is not possible, if £i,C2 are suitably 
chosen. 

Let us consider the model with cutoff -y^. In the following sections we shall prove that, in this 
model, 

\Xh - A| < C3~Xl^, . (3.2) 

However, as a consequence of the remark after (2.19), is the same, for any j > h, in the model 
with or without cutoff; in fact g^^\k) does not depend on h for j > h, and Xh only depends on the 
propagators g^^\li) with j > hhy definition. Hence, from (3.2) we get the bound |A/i| < ei+C3c|ef , 
which is in contradiction with (3.1) if, for instance, C2 = 2 and £i < l/(4c3). | 



Theorem 3.1 implies, as proved in [BM3], that 

\Pj,x{>^h,..,Xh)\<C\Xh\^j-\ (3.3) 

a property called vanishing of Beta function, which implies that there exists limj^_oo Xj and that 
this limit is an analytic function of A. In its turn, the existence of this limit implies that there 
exist the limits 

^(2) y 

.lim log ^=,72 (A) , hm fog ^ = r,(A) , (3.4) 

3 ■' 

with rj{X) = a2A2 + O(A^) and r?i(A) = a2X'^ + O(A^), 02 > 0. 

3.2 The Dyson equation. 
Let us now prove the bound (3.2). We define 

G^'^(z,Xi,X2,X3,X4) =< Pz,a;;V'xi,+ ;V'^2,+ ;V'x3,-;V'i,- >^ , (3-5) 

G+(xi,X2,X3,X4) =< V'xi,+V'i,+ ;V'x3,-V'i,- >^ ' (3-6) 

where 

Px^c^ = V'Jt^V'x,^ • (3-7) 

Moreover, we shall denote by G^j^(p; ki, k2, k3, k4) and G^(ki, k2, k3, k4) the corresponding Fou- 
rier transforms, deprived of the momentum conservation delta. Note that, as a consequence of 
(1.1), if the momenta are interpreted as "ingoing momenta" in the usual graph pictures, then 
the ijj^ momenta are "outgoing momenta" ; our definition of Fourier transform is such that even 
p, the momentum associated with the p field, is an ingoing momentum. Hence, the momentum 
conservation implies that ki -|-k3 = k2 -|-k4-|-p, in the case of (j^'^(p; ki, k2,k3,k4) and ki -l-ks = 
k2 + k4 in the case of G'5j_(ki, k2, ka, k4). 

It is possible to derive a Dyson equation which, combined with the Ward identity (4.9) of ref. 
[BM3], gives a relation between G^, and G^'^ 

If Z = J P{dip) exp{—V{ip)} and < • > denotes the expectation with respect to J P{dil)) 
exp{-Vm, 

Gt(xi,X2,X3,X4) =< , + <,+V'x3,-V'i,- > -G^(xi,X2)G2 (X3,X4) , (3.8) 

where we used the fact that < "^x wV'y -t^ >= 0- 

Let c/a;(x) be the free propagator, whose Fourier transform is (7ai(k) = Xh,oO^)/{—iko + ojk). Then, 
we can write the above equation as 

G|(X1,X2,X3,X4) = --^y dz5_(z-X4) < Vxi, + ^X2, + V'x3,-V'^-V'^+V'z;+ > + 

+ A G^(xi,X2) j dz g_{z - X4) < Vx3,-<-<+V'z;+ >= (3.9) 
= -A^ dzg_i{z - X4) < [V'xi,+V'x2,+] ; bP^s-^t-^t+^^,+\ >^ ■ 
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Prom (3.9) we get 

- G+(X1,X2,X3,X4) = Xj dZ5_(z-X4) < ^/'xi,+ ;V'x2,+ ;Pz,+ >'^< ^Z^-^Pt- > + 

+ xj dzg_{z - X4) < pz,+; V'xi,+; V'xs.+i V'x3 V'^- + 
+ dzsf_(z-x4) < V'xi,+;V'x2,+;V'x3 >^< Pz 



(3.10) 



> . 



The last addend is vanishing, since < p^^cj >= by the propagator parity properties. In terms of 
Fourier transforms, we get the Dyson equation 



-G^(ki,k2,k3,k4) = A5_(k4)[G^(k3)G^''(ki -k2,ki,k2) + 

+ XI ^+ ^ *^P' '^i ' , ka , k4 - p) 



(3.11) 



see Fig. 3. 

Let us now suppose that |k4| < 7''; then the support properties of the propagators imply that 

IpI < 7 + 7^ < 27, hence we can freely multiply G^^^ in the r.h.s. of (3.11) by the compact support 
function xo(7~''" |p|)) with jm = [1 + log^ 2] + 1, xo being defined as in (1.4). It follows that (3.11) 
can be written as 



Gl (ki , k2, ks, k4) = Xg- (k4) \G± (k3)G^^ (ki - k2 , ki , k2)+ 

-^X]^^(P)'^+^(P''*i''*^2,k3,k4 - p) + -^X]xM(p)G^^(p;ki,k2,k3,k4 - p) 
p p 



(3.12) 



where Xm(p) is a compact support function vanishing for |p| > 7''+^'" ^ and 



Xm(p) = 



E 

.=h+j. 



Ap(p) • 



(3.13) 



Note that the decomposition of the p sum is done so that Xm(p) = if |p| < 27'*. 

Remark. The l.h.s. of the identity (3.12) is, by (2.37), of order A/i7-'"'Z^^; if we can prove that 
the l.h.s. is proportional to A with essentially the same proportionality constants, we get that 
Xh — X. This cannot be achieved if we simply use (2.35), (2.36) and the analogous bound for 
G^'^, given in Lemma A1.2 of [BM3]; for instance, by using (2.35) and (2.36), we see that the first 
addend in the r.h.s. of (3.12) is of size "f~'^^ zj^"* Zf^^X[l + 0{Xf^)]. We have to take into account 
some crucial cancellations in the perturbative expansion, and this will be done by expressing G^'^ 
and G*'^ in terms of other functional integrals by suitable Ward identities which at the end will 
allow us to prove (3.2). 

3.3 Ward identities. 

By doing in (1.5) the chiral Gauge transformation '^x,+ ~* e"^"=''+'^x,+ ) V'S,- ~^ '4'^,-^ one obtains, 
see [BM2], the Ward identity, see Fig. 4 

£)+(p)G^^(p, k, q) = Glid) - Glik) + Al\p, k, q) , (3.14) 

with 

A^^(p,k,q) = ^E^+C^'k-P) < V'^+C-p,+;C,+^J+ >^ (3-15) 
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and 



(3.16) 



In the same way, we get two other Ward identities 

-D+(p)G+^(p,ki,k2,k3,k4 - p) = G|(ki - p,k2,k3,k4 - p)- 
- (ki, k2 + p, k3, k4 - p) + 

-D-(p)Gl'^(p,ki,k2,k3,k4 - p) = G^(ki,k2,k3 - p,k4 - p)- 

-G^(ki,k2,k3,k4)+Ai'l , 

where A^^ is the "correction term" 



A^i(p,ki,k2,k3) = ^^G±(k,k-p) < ^^+^4_p_^;^k^_^;^+_^;^^3__;^+_p__ >^ . 

(3.19) 



3.4 Counterterms 

Eq. (3.17) can be written, by adding and subtracting suitable counterterms u±, to be fixed 
properly later, see Fig. 6 



(1 - i/+)£)+(p)G_^ (p,ki,k2,k3,k4 - p) - iv_£)_(p)G_' (p,ki,k2,k3,k4 - p) ^^^^^ 
= G+(ki - p,k2,k3,k4 - p) - G+(ki,k2 +p,k3,k4 - p) + iJ+'^(p,ki,k2,k3,k4 - p) , 

where by definition 

i?+'^(p,ki,k2,k3,k4-p) = -^^G+(k,k-p) < V'k_+V'k_p,+;V'k„+;^k„+;V'k3,_;V'k,_p,_ - 

k 



k w 

In the same way, eq. (3.18) can be written as 

(3.22) 



{l-i^L )D^ (p)Gi'' (p, ki , k2 , k3, k4 - p) - v'^D+ (p)Gi' (p, ki , k2 , k3, k4 - p) 



= G^(ki,k2k3 - p,k4 - p) - G^(ki,k2,k3,k4) + i?l'^(p, ki, k2, k3, k4 - p) , 
where 

ifl'^(p,ki,k2,k3,k4-p) = ^^G_(k,k-p) < v^^,_C-p,-;Ci,+;Vik„+;C3,-;Vik4-p,- - 
-«zEE^-^-(p) < v^k,>k-p,.;4„+;V^k„+;V^k3,-;^i-p,- >^ • (3-23) 

k a> 

If we insert in the r.h.s. of (3.20) the value of taken from (3.22), we get 
(1 + A)D+{i>)Gf{p, ki, k2, ka, k4 - p) = [G|(ki - p, k2, ks, k4 - p)- (3.24) 

G^ (ki , k2 + p, k3 , k4 - p)] + B [G^ (ki , k3 - p, k4 - p) - GX (ki , k2 , k3 , k4)] + F^' ' + BH^J ' , 



where 



A = -u,-^_ , B = ^_. (3.25) 
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If we insert in the last term of the r.h.s. of (3.12) the value of taken from (3.24), we get 
-G^(ki,k2,k3,k4)= (3.26) 



+ 



Ag_(k4) 1 



G?.(k3)G^^(ki - k2,ki,k2) + ^XM(p)G^^(p;ki,k2,k3,k4 - p) 



LP 

GXps-i - p,k2,k3,k4 - p) - G|(ki,k2 +p,k3,k4 - p) 



+ 



+ 



Xg-Os.4) 1 >r- ~ / G|(ki,k2,k3 - p,k4 - p) - G|(ki,k2,k3,k4) 
+ -7:r—rr—2^XM[P)— h 



(1 + A) LP' 



D+{P) 



+ 



Xg-{ki) 1 ^ ^_^F^'^(p;ki,k2,k3,k4 - p) + B^l'^(p;ki,k2,k3,k4 - p) 



(1 + A) Lp 



^+(P) 



Note that 



1 , G4(ki,k2,k3,k4) ^ 

Z^Exm(p) = 0, 



since -D_|_(p) is odd. Then, by using also the Ward identity (3.14), we get, if 



kj — , ki — k4 



-k3 = k , |k|=7'' 



the identity 



- G^(ki,k2,k3,k4) = Aff_(k4)G' (ks) 



G^(k2)-G^(ki 
i?+(2k) 



- + 



(3.27) 



(3.28) 



(3.29) 



+ Aff- (k4)G^_ (k3) ^+ ^^^'^^^^ + Xg- (£4) ■^Y.X^ iP)G+\p; ki , k2, k3 , k4 - P)+ 



A.9-(k4) 1 
(1 + A) LP 

Xg-{U) 1 
(1 + A) LP 

Xg-{k4) 1 
(1 + A) LP 



p 
p 

^Xm{p) 



G|(ki - p,k2,k3,k4 - p) - G|(ki,k2 +p,k3,k4 - p) 



^+(P) 



+ 



G|(ki,k2,k3 - p,k4 - p) 



+ 



H_^! (p;ki,k2,k3,k4 - p) + (p;ki,k2,k3,k4 - p) 

^+(P) 



All the terms appearing in the above equation can be expressed in terms of convergent tree 
expansions. The term in the l.h.s. of (3.29) is given, by (2.37), by 



G^ (ki , k2 , k3 , k4) = ^-^^Zj;' [-Xh + 0{Xi)] . 



(3.30) 



The two terms in the r.h.s., first line, are equal, by (2.36), to 'y-^''Z^^{X + 0{Xl)). The first term 
in the second line, by (2.36) and eq. (177) of [BM2], can be bounded as 



^^ ^n^^^. , A^i(2k,ki,k2) 
Asf_(k4)G_(k3) 



< GA 



2 7' 



-ih 



h y2 ' 



£)+(2k) 

while the second term in the second line, by eq. (Al.ll) of ref. [BM3], can be bounded as 



(3.31) 



Aff_(k4)--^ XxM(p)G^^(p;ki,k2,k3,k4 - p) 



LP 



< GA 



3 7 



-Ah 



(3.32) 
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Moreover, by using Lemma Al.l of [BM3], one sees that 
1 

LP 



1 - . G|(ki - p,k2,k3,k4 - p) - GKkijkz + p,k3,k4 - p) 
2^Xm(p) ^:r-r-. + 



^+(P) 



1 ~ , . G|(ki,k2,k3 - p,k4 - p) 



7 



(3.33) 



In the following sections we will prove the following Lemma. 



Lemma 3.1 There exists e\ < sq and four X-functions Vj^,v-,v'_^,u'_ of order A (uniformly in 
h), such that, ifXh < £i, 



X- n- ^ 1 -S:^- ^ ^-^±^(p;kl,k2,k3,k4 - p) 
^5- (k4 ) 2^ Xm (p) 



^+(P) 



< cx 



2 7' 



-4h 



(3.34) 



The above Lemma, together with the identity (3.29), following from the Dyson equation and the 
Ward identities, and the previous bounds, proved in refs. [BM2] and [BM3] and following from the 
tree expansion, implies (3.2); this concludes the proof of Theorem 3.1. 

4. Proof of Lemma 3.1 



4.1 The corrections. 

We shall prove first the bound (3.34) for H'^^; the bound for H^^ is done essentially in the same 
way and will be briefly discussed later. By using (3.21), we get 

9- (^4) E XM {v)D+ ^ (p)-ff+'^ (p; ki , k2 , k3 , k4 - p) = 



- /I ^ 1 ~ / N 1 v^C'+(k,k-p) 7_ 

= 5-(k4)y^ 2^ xm(p)-^ 2^ — jr-r-. — < <+Vk-p,+; V'k„+; ^ 



V'k3,-;V;,[,_p._ >^ 



-iv_ff_(k4)--^-ExM(p)7^E^^-^ < V',[,_4-p,-;4i,+;V'k.,+;^ >^ - 



-i/+5_(k4)-^ExM(p)-^E < ^,[,+4-p,+;V'ki,+;V'k.,+;43,-;V'i-p,- >^ • (^-i) 



Let us define 



G^(ki,k2,k3,k4)= — + 



^'?^ki, + ^^k2, + ^'^^3,-^'^k4 



W 



(4.2) 



where 



W = \og j P(d^)e-^i(^)+''+'^+('^)+^-'^-('^)e"^^'^'+Su'/''''''^-'"'''-'-+'^-'-*^ , (4.3) 
= 7^Exm(p)7^E ^^n'!'j''^ V'i^,+Vik-p,+)^.[.-p,-^k.^ , (4.4) 



= Exm(p);^ E(V'k,+4-p,+)Vii_p,_ JkJ-(k4) , (4.5) 
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^-W = ;^ExM(p);^E^(4V4--p.-)V;i-p,-Aj-(k4) . (4.6) 






Ti T+ T_ 

Fig. 12: Graphical representation of Ti, r+, r_; the dotted line carries 
momentum £4, the empty circle represents C+, the filled one £>_ (p)/£>+ (p) 

It is easy to see that is related to (4.1) by an identity similar to (3.9). In fact we can write 

-G't(ki,k2,k3,k4) = (4.7) 

- ^-ff-(k4)-^ E Xm(p)7^ E ^ < i^^uJtJ' [^^-4--p,-4-3 >^ - 



P k 

moreover, if we introduce the definition 



1 C'+(P,k) 

'^•+ = ^E^D;(^«+^k-p,+), 

the term in the second line of (4.7) can be rewritten as 

5-(k4)-^E*^(p) < [V'ki,+^k.,+];['^Pp,+V'k3,-V'k4-p,-] >^= 
p 

= 5-(k4)^E*^(p) [< V'ki,+;V'k„+;^pp,+ < V'k3,-V'k4-p,- > + 



+ < '5pp,+;V'ki,+;V'k,,+;V'k3,-;V'k4-p,- > 



(4.8) 



(4.9) 



where we used the fact that p 7^ in the support of xm(p) and < i5/9p,+ >= for p 7^ 0. A similar 
decomposition can be done for the other two terms in the r.h.s. of (4.7); hence, by using (3.21), 
we get 

/^4/, 1 1 1 ^ n \ ^ r ^■ff^^(p;kl,k2,k3,k4-p) 
- Gl (ki , ka , kg , k4) = 5- (k4) — 2^ XM (p) — ;:r^^ + 



^+(P) 



+ XM(ki -k2)5_(k4)G^(k3) ?/'ki,+ ;V'k2,+ ;^Pki-k2 

r- T+ T -D_(ki-k2) 7_ 7, n 

< Vki,+;V'k„+;pki-k2,+ > < V'ki,+;V'k„+;pki-k„- > 



(4.10) 



We now put kj = kj, see (3.28). Since |ki — k2| = 27'*, (3.13) implies that XM(ki — k2) = 0; 
hence we get 



nin 1, 1, 1 ^ n \ ~ ( x^+^(P;ki,k2,k3,k4 - p) 

-G* (ki,k2,k3,k4) =5_(k4)— 2^xm(p)— ^ 
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^+(p) 



(4.11) 



Rem,ark. (4.11) says that the last line of the Dyson equation (3.29) can be written as a functional 
integral very similar to the one for (we are essentially proceding as in the derivation of the 
Dyson equation, in the opposite direction) except that the interaction V (1.3) is replaced by 
V + Ti — — v-T-\ we will evaluate it via a multiscale integration procedure similar to the one 
for and in the expansion additional running coupling constants will appear; the expansion is 
convergent again if such new running couplings will remain small uniformly in the infrared cutoff. 

4.2 The properties of D^{p)~^Ci^{k, k — p). 

We shall use some properties of the operator Dj^(p)~^C;j(k, k — p), which were proved in [BM2]. 
Let us consider first the effect of contracting both ij) fields of 5pp,+ on the same or two different 
scales; in the second case, we also suppose that the regularization procedure (to be defined later, 
in agreement with this hypothesis) does not act on the propagator of higher scale. Hence, we have 
to study the quantity 



A(;'^)(k+,k-) 



a(k+,k-). 



5«(k+)5(/)(k-) 



where p = k"*" — k . The crucial observation is that 



A(,«")(k+,k-)=0 , if/i<i,j<0. 



(4.12) 



(4.13) 



since Xhfi{}^'^) = 1, if h < i,j < 0. Let us then consider the cases in which AL''^^(k+,k-) is not 
identically equal to 0. Since A£*'^'^(k+,k-) = Ai^'''^(k-, k+), we can restrict the analysis to the 
case i> j. We define 



uo(k) 



if |k| < 1 

l-/o(k) ifl<|k| 



if |k| > 7^ 

l-A(k) if|k|<7^ 



Then we get, by using (2.19), the fact that Z_i = Zq = 1 and fj = fj for j = 0, h, 

1 



A(°'°)(k+,k-) 
1 



1 



/o(k+) /o(k-) ■ 

■Wo(k ) - r. /I -N "o(k^) 



£>„(k+)""^" ' £»„(k-) 

A(k+)u^(k-) Uh{k+)fh{k-) 



Ar)(k+,k-) 



DUp) Zh-i{k+)Zh-i{k-) 

1 1 



DUp) Zh-i{k-) 



D^{k+) £)^(k-) 
Mk+)uh{k-) fh{k-)uo{k+) 



Da^{k+) 



A£0'^')(k+,k-) 



Ai;''*)(k+,k-) = 



1 f,{k-)uo{k+) 
Zj-i Du,{p)Du,{k-) 

/,(k+)u;,(k-) 



h<j<0, 
j = h<i< -1 



(4.14) 

(4.15) 

(4.16) 
(4.17) 
(4.18) 
(4.19) 



Z,,_i(k-)Z,_i DUp)DUk+) 

As an easy consequence of the above equations, as shown in §4.2 of [BM2], one can write, for 
0>j>h, 

A^-)(k+,k-) = -^S«(k+,k-) , (4.20) 

where S^j]{k+,k-) are smooth functions such that 



-jil+m-i) 



(4.21) 
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Finally, it is easy to see that, if > i > h, 

\A^J'''\k+,-k-)\ < C^-i'-f'')'L^ . (4.22) 

Note that, in the r.h.s. of (4.22), there is apparently a Z^^^ factor missing, but the bound can 
not be improved; this is a consequence of the fact that Zh-x{k) = for |k| < , see eq. 
(63) of [BM2], and the support properties of u/i(k). In any case, this is not a problem, since the 
dimensional dependence of A*^*''*^ on the field renormalization constants is exactly Z~^. Note also 
the presence in the bound of the extra factor 'y-(*-''), with respect to the dimensional bound; it 
will allow us to avoid renormalization of the marginal terms containing A^*'''^. 

4.3 The multiscale expansion o/ G^(ki, k2, 6:3, k4); the first integration step. 

The calculation of G\ is done via a multiscale expansion; we shall concentrate on the differences 
with respect to that described in §2, due to the presence in the potential of the terms Ti{ijj) and 
T±{ip). Moreover we shall suppose that the momenta kj are put equal to kj, defined as in (3.28). 

Let us consider the first step of the iterative integration procedure, the integration of the field 
'(/''■*'■'; we shall describe only the terms linear in the external J field, the only ones contributing 
to which were not already discussed. We call V^~^\ip^'^'~^^) the contribution to the effective 
potential of such terms and we write 

V(-'){^^^■-^^)=V^-,'\^^^■-^y)+V^^^^^ (4.23) 

where + is the sum of the terms in which the field -0^ ^ _ appearing in the definition 

of Ti{il)) or T±{ip) is contracted, vf^^'' and V^^^^ denoting the sum over the terms of this type 
containing a Ti or a T± vertex, respectively; V^^^^ + is the sum of the other terms, that is 

those where the field ^^^_p _ is an external field, the index i = 1,2 having the same meaning as 
before. 

Note that the condition (3.28) on the external momenta kj forbids the presence of vertices of type 
if, if h < 0, as we shall suppose. Hence, all graphs contributing to V^"^) have, besides the external 
field of type J, an odd number of external fields of type tp. 

Let us consider first V^^^^ we shall still distinguish different group of terms, those where both 
fields and V'k-p + contracted, those where only one among them is contracted and those 

where no one is contracted. 

If no one of the fields f/'k _|_ and i^^_p _|_ is contracted, we can only have terms with at least 
four external lines; for the properties of A'-' , at least one of the fields V'k^_|_ and V'^+p _|_ must be 
contracted at scale h. If one of these terms has four external lines, hence it is marginal, it has the 
following form 

/ rfpXM(p)^+fc^_pGf (k4 - p)g^°\^ - p)5-(k4)Jk, / dk^^V'^+V'k+p,+ , (4-24) 

where (k) is a suitable function which can be expressed as a sum of graphs with an odd number 
of propagators, hence it vanishes at k = 0. This implies that 62°^ (0) = 0, so that we can regularize 
it without introducing any running coupling. 
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Fig. 13: Graphical representation of (4.24) 
If both V'k + ^^'^ V'k-p + ™ ^i(V') are contracted, we get terms of the form 

n 



(4.25) 



where n is an odd integer. We want to define an TZ operation for such terms. There is apparently 
a problem, as the TZ operation involves derivatives and in M^^^^' appears the function A^"'*^) of 
the form (4.20) and the cutoff function xm{p), with support on momenta of size 7''. Hence 
one can worry about the derivatives of the factor xm{p)pD+{p)~^ . However, as the line of 
momentum k4 — p is necessarily at scale (wc arc considering terms in which it is contracted), 
then |p| > 7"-^ — 7^ > 7~"^/2 (for \h\ large enough), so that we can freely multiply by a smooth 
cutoff function x(p) restricting p to the allowed region; this allows us to pass to coordinate space 
and shows that the TZ operation can be defined in the usual way. We define 

(4.26) 
(4.27) 



£Wi-'\k4,ki,k2,k3) = Wr''{0,-,0) 



(-1)/ 



cwt'h^i) = wf'>{o) + -k^du.wf'>{o) . 

Note that by parity the first term in (4.27) is vanishing; this means that there are only marginal 
terms. Note also that the local term proportional to Jkii^^^ _ is such that the field ip^^ _ can be 
contracted only at the last scale h; hence it has any influence on the integrations of all the scales 
> h. 



(-1), 





(-1) 



w, 
(-1) 



Fig. 14: Graphical representation of W4 ' and W,^ 



If only one among the fields V'k^_|_ and ■V^k-p,+ ^i(V') is contracted, we note first that we cannot 
have terms with two external lines (including Jki); in fact in such a case there is an external line 
with momentum k4 with oj = — and the other has tu = +; this is however forbidden by global 
gauge invariance. Moreover, for the same reasons as before, we do not have to worry about the 
derivatives of the factor XAf(p)P-D+(p)~^, related with the regularization procedure of the terms 
with four external lines, which have the form 

J_(k4) Jk,XM(k+ - k-)ffL°^(k4 - k+ + k-) • 

(4.28) 

(k+,k4,ki) " 



/ 



'^k+V'k„+V'k-,+V'k-+k,_k„ 

'[CM(k-)-l]D+(k-)5f (k+) 



?io(k+) 



D+(k+ - k-) 

or the similar one with the roles of k+ and k~ exchanged. 



D+(k+ - k-) 
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Fig. 15: Graphical representation of a single addend in (4.28) 



The two terms in (4.28) must be treated differently, as concerns the regularization procedure. 

The first term is such that one of the external hues is associated with the operator [C/i.o(k~) — 
l]D+(k~)£)+(p)~^. We define 7?. = 1 for such terms; in fact, when such external line is contracted 
(and this can happen only at scale h), the factor Z)+(k~)D+(p)~^ produces an extra factor in 
the bound, with respect to the dimensional one. This claim simply follows by the observation that 
|D+(p)| > 1 — as p = k+ — k~ and k+ is at scale 0, while k~, as we said, is at scale h. This 
factor has the effect that all the marginal terms in the tree path connecting vq with the end-point 
to which is associated the Ti vertex acquires negative dimension. 

The second term in (4.28) can be regularized as above, by subtracting the value of the kernel 
computed at zero external momenta, i.e. for k~ = k4 = ki = 0. Note that such local part is given 
by 

■dk+XM(k+)5L°^(k+)GW(k+,0,0)|^ , (4.29) 

and there is no singularity associated with the factor £'+(k+)~^, thanks to the support on scale 
of the propagator 5f°^(k+). 

A similar (but simpler) analysis holds for the terms contributing to V^^^^ , which contain a vertex 

of type T+ or T_ and are of order \i'±. Now, the only thing to analyze carefully is the possible 
singularities associated with the factors Xm(p) and p£'+(p)~-^. However, since in these terms the 
field V'^^_p _ is contracted, |p| > 7~^/2, for \h\ large enough, a property already used before; 
hence the regularization procedure can not produce bad dimensional bounds. 

We will define Z-i and A_i, so that 

+ vi'^.'W'--'^) = [X-.F^^'-'ki;^'^--'^) + I_i4'';:^l+D_(k4)] ff-(k4)4, , (4.30) 
where wo used the definition 

^^""'^ = (W ^ - k2 + ks - k4) . (4.31) 

ki,k2,k3:C-l.(ki)>0 

Note that there is no first order contribution to A_i, as follows from a simple calculation, so that 
A_i is of order or lower. We expect indeed that it satisfies a non zero lower bound of order A-^, 
but this will not play any role in the following. 

Let us consider now the terms contributing to V^^^^ that is those where ^^^_p is not contracted 

and there is a vertex of type Ti. 

Besides the term of order in A and z/±, equal to Ti{'tjA'^-'^^^), there are the terms containing at least 
one vertex A; among these terms, the only marginal ones (those requiring a regularization) have 
four external lines (including Jui), since the oddness of the propagator does not allow tadpoles. 
These terms are of the form 

Yl / dpXM{p)i'^+^^ / rfk+V'++_p -V'^^_p__5-(k4)Jk, • 
<i '' (4.32) 

[4;^,^(k+, k+ - p) + f (-^)(k+, k+ - p)^+,^] , 

where -F'2 -^1 defined as in eq. (132) of [BM2]; they represent the terms in which 
both or only one of the fields in Spp_+, respectively, are contracted. Both contributions to the r.h.s. 
of (4.32) are dimensionally marginal; however, the regularization of F^^^ is trivial, as it is of the 
form 

L'_l_(k k ) 
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or the similar one, obtained exchanging k+ with k . 





2, + ,lD -^1,+ 

Fig. 16: Graphical representation of (4.33) 

By the odcinc'ss of the propagator in tlw^ nioni(nitmn, G*-^^ (0) = 0, hence we can regularize such 
term without introducing any local term, by simply rewriting it as 



i^(-^)(k+,k-) = [ 



[C;,,o(k-) - l]£)+(k-)^f (k+) - uo(k+) 



£>+(k+ -k-) 
As shown in [BM2], by using the symmetry property 

gjj\k) = -iLogi^\k*) , k=(fc,fco), 



[G(2)(k+)_G(2)(o)] . (4.34) 



{-ko,k) , 



F2 can be written as 



^2:+,<.(k+,k-) = 



1 



^+(p) 

where (;,(k+, k^) are functions such that, if we define 

1 



[po^o,+,a,(k+,k )+piAi,+,i,(k+,k- 



2.+.- D+{p) 



[poAo,+,cs(0,0)+pai,+,i(0,0)] , 



then 



r I?— 1 '73' + 



^^2,1,- = 



D-iP) 

D+ip)' 



-1 > 



(4.35) 



(4.36) 



(4.37) 



(4.38) 



where Z^^ and Z^-^ are suitable real constants. Hence the local part of the marginal term (4.32) 
is, by definition, equal to 

Z^J+T+i^^'^'-^'i) + Z!'-T_(V'['''-^^) . (4.39) 

Let us finally consider the terms contributing to , that is those where is not contracted 

and there is a vertex of type or r„. If even this vertex is not contracted, wc get a contribution 
similar to (4.39), with in place of Z^^. Among the terms with at least one vertex A, there is, 
as before, no term with two external lines; hence the only marginal terms have four external lines 
and can be written in the form 



y c^PXM(p)ik4fl-(k4) j c'k+^V;++ -V^i 



k+— p,a; 



.+GV%(k+,k+ - p) + -g;|gGL%(k+,k+ - p) 



(4.40) 



By using the symmetry property (4.35) of the propagators, it is easy to show that G^^_^{0, 0) = 0. 
Hence, if we rcg ularize (4.40) by subtracting G^°l(0,0) to G^°^-(k+,k+ - p), we still get a local 
term of the form (4.39). 
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By collecting all the local term, we can write 



^["^ti'^ + ^^t^'W'-'^) = + i/_i,_r_(V'['^'-il) , (4.41) 

where = + Z^" + gL"L(0, 0). Hence 



V(-i)(^[''.-il) = Ti(V'['*'-^l) + i/_i,+T+(V'l'''-^l) + z/_i,_T_(V'['''-^l)+ 



+ 



(4.42) 



where Vjj"^^(^I'''-il) is the sum of all irrelevant terms linear in the external field J. 

4.4 The multiscale expansion o/G^(ki,k2,k3,k4); the higher scales integration. 
The integration of the field ^p^~^'> is done in a similar way; we shall call V^"^-* (i/'''*'"^') the sum 
over all terms linear in J. As before, the condition (3.28) on the external momenta kj forbids the 
presence of vertices of type (p, if h < —1, as we shall suppose. 

The main difference is that there is no contribution obtained by contracting both field variables 
belonging to Sp in Ti{'tp) at scale —1, because of (4.13). It is instead possible to get marginal terms 
with four external lines (two is impossible), such that one of these fields is contracted at scale — 1. 
However, in this case, the second field variable will be necessarily contracted at scale h, so that we 
can put 7?. = 1 for such terms; in fact, the extra factor -^-(-i-^) coming from the bound (4.22) 
after the integration of the last scale field, has the effect of automatically regularize them, and 
even the terms containing them as subgraphs. 

The terms with a Ti vertex, such that the field variables belonging to 6p are not contracted, can 
be treated as in §4.3, hence do not need a regularization. 

It follows that, if the irrelevant part vjj"^'' were absent in the r.h.s. of (4.42), then the regulariza- 
tion procedure would not produce any local term proportional to F^' starting from a 
graph containing a Ti vertex. 

It is easy to see that all other terms containing a vertex of type Ti or T± can be treated as in 
§4.3. Moreover, the support properties of g_(k4) immediately implies that it is not possible to 
produce a graph contributing to V*-"^-*, containing the Z-i vertex. Hence, in order to complete 
the analysis of V^~'^\ we still have to consider the marginal terms containing the A_i vertex, for 
which we simply apply the localization procedure defined in (4.26), (4.27). We shall define two 
new constants A_2 and z_2, so that A_2(-Z^-2)^ is the coefficient of the local term proportional to 
Fx'~^\^^^'~^^), while 5_2^-2-(A^'*^'I^'^£'-(k4)ff-(k4)44 denotes the sum of all local terms with 
two external lines produced in the second integration step. 

The above procedure can be iterated up to scale /i + 1, without any important difference. In 
particular, for all marginal terms (necessarily with four external lines) such that one of the field 
variables belonging to Sp in Ti{il;) is contracted at scale i > j, we put TZ = 1. We can do that, 
because, in this case, the second field variable belonging to 6p has to be contracted at scale h, so 
that the extra factor ^^(*^'^) of (4.22) has the effect of automatically regularize their contribution 
to the tree expansion of G^J_(ki, k2, ka, £4), to be described later. 

Note that, as in the case j = —1, there is no problem connected with the presence of the factors 
X(p) and D^{p)D+{p)~^ . In fact, if the field V-"^ _p _ appearing in the definition of Ti{iji) or 
T± (tp) is contracted on scale j , each momentum derivative related with the regularization procedure 
produces the right dimensional factor, since p is of order and the derivatives of x(p) are 
different from only for momenta of order 7''. If, on the contrary, the field ijj^ _^ _ is not 
contracted, then the renornialization procedure is tuned so that x(p) ^■iid Z)_(p)Z)_|_(p)~-^ are not 
affected by the regularization procedure. 



2/ febbraio/2008; 10:04 



28 



At step —j, we get an expression of the form 



(4.43) 



+ 



-1 



5-(k4)Jt,+n(V['''-^l), 



where Vfi{ip^'^'~^^) is thought as a convergent tree expansion (under the hypothesis that \h is small 
enough), to be deseribed in §4.5. Since Z_i = 1, this expression is in agreement with (4.42). 
The expansion of G^(ki, k2, ka, 6:4) is obtained by building all possible graphs with four external 
lines, which contain one term taken from the expansion of V^^^{il)^^^) and an arbitrary number of 
terms taken from the effective potential V^'^^tp'^'^''). One of the external lines is associated with the 
free propagator (/_(k4), the other three are associated with propagators of scale h and momenta 
k^ , i = 1,2,3. 

Remark. With respect to the expansion for , there are three additional quartic running coupling 
constants, Vj^+jVj^- and \j. Note that they are all 0(A), despite of the fact that the interaction Ti 
has a coupling 0(1); this is a crucial property, which follows from the properties in §4.2, implying 
that either Ti is contracted at scale 0, or it gives no contribution to the running coupling constants. 
At a first sight, it seems that now we have a problem more difficult than the initial one; we started 
from the expansion for G\ , which is convergent if the running coupling Xj is small, and we have 
reduced the problem to that of controlling the flow of four running coupling constants, i^+.j, i^j.^, 
Xj, Xj. However, we will see that, under the hypothesis Aft, < £1, also the flow of Vj,+ j •^j is 
bounded; one uses the counterterms u+ , V- (this is the reason why we introduced them in §3) to 
impose that I'+.j, Vj,- are decreasing and vanishing at j = h, and then that the beta functions for 
Xj and Xj are identical up to exponentially decaying 0(7"^^) terms. 

4.5 The tree structure of the expansion. 

In order to describe the tree expansion of V^^\ip^'^'^^), j £ [h + 1, —1], and G^(ki, £2, ka, 6:4), we 
have to modify the tree definition given in §2, after Fig. 11, in the following way. 

1) Instead of two, there are six types of special endpoints. There are still the endpoints of type (p, 
defined exactly as before, but there is no endpoint of type J. In addition, we have special endpoints 
of type Ti, T+, T_, A and z, associated in an obvious way with the five local terms of (4.43). 

2) There are only trees with one and only one special endpoint of type different from ip. 

3) The scale index is < +1 for the endpoints of type Ti, T+ or T_ , while it is < for the endpoints 
of type A or z. Moreover, the scale index of an endpoint v of type Ti, T+, T_ or A is equal to 
hy' + 1, if v' is the non trivial vertex immediately preceding v. 

4) If the tree has more than one endpoint and one of them is of type z, the vertex vq of the tree 
must have scale h and its scale index is equal to any value between h + 1 and 0. 

5) Given a tree with one endpoint iJi of type Ti and scale index hy-^ = +1, the TZ operation in the 
non trivial vertices of the path C connecting vi to vq depends on the set Pi of external lines in the 
vertex v[ (of scale 0) immediately preceding vi. 

If Pi contains no one of the two external lines of Vi belonging to the 5p part of the corresponding 
Ti(il>) term, then TZ is defined in agreement with the localization procedure bringing to (4.38) for 
all vertices v G C, such that v > V2, V2 being the higher vertex, possibly coinciding with v'l, whose 
set of external lines does not contain the field _^ of Ti{ip). For the remaining vertices of C, TZ 

is defined in the usual way. 

If Pi contains both the two external lines of vi belonging to dp (hence the line of momentum 
k4 — p can not belong to Pi), we define TZ in agreement with the remark following (4.24), up to 
the higher vertex V2 < vi. where at least one of the lines of 5p does not belong to Pi anymore. For 
V < V2, TZ is defined in the usual way. 
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If Pi contains only one of the two external lines of Vi belonging to 6p and one defines V2 as before, 
TZ is defined along C in agreement with the obvious generalization of (4.34), for v > V2- In V2 one 
has to introduce a new label to distinguish two cases, related with the two different terms in the 
braces of the r.h.s. of (4.28). In the first case, 7?. = 1 for all u < ■i;2, in the second case TZ is defined 

in the usual way. 

If hy^ < and we define Pi and V2 as before, the set Pi, as well as the set Py for all v < vi, must 
contain at least one of the two external lines of vi belonging to 6p. Moreover, if Pi contains one 

of these lines, then 71 = 1 for all v < V2- 

6) A similar, but simpler, discussion can be done for the trees containing an endpoint of type T±. 
We do not give the details, but only stress that there is now no vertex v with |P„| = 2 or \Py \ = 4, 
for which TZ = 1. 

4.6 The flow of Vj,±- 

The definitions of the previous sections imply that there is no contribution to i'j^±, coming from 
trees with a special endpoint of type A or z. Moreover, because of the symmetry (4.35) of the 
propagators (see remark after (4.40)), gets no contribution from trees with a special endpoint 
of type Vj-, and viceversa. Finally, and very important, if a tree contributing to yj^± has an 
endpoint of type Ti, this endpoint must have scale index +1. 

The following Lemma has an important role in the following. 

Lemma 4.1 If\h is small enough ( uniformly in h), it is possible to choose 1/+ and u- so that 
t^h,u> = and 

k,>|<coW^' , h + l<j<0, (4.44) 
where < ^ < 1/4, cq is a suitable constant, independent of h, and vq^^ = u^. 

Proof - The previous remarks imply that there exists ei < sq, such that, if Xh < Si, we can 
write 

/3^<i(Aj>z^j>;---;Ao,z^o,a,) , h + l<j<0, (4.45) 

with Ao = A, Po^a> = and 



Pii{>^j,'^j,u.; • ■ • ; Ao, ^^o.c) = /3^a)'(A,; . . . ; Ao) + ^ '^j',u:P^:^'\Xj; . . . ; Ao) . (4.46) 

j'=j 

Moreover given a positive 6 < 1/4, there are constants ci and C2 such that 

1/3^-1) (A,; . . . ; Ao)| < ciA,7''^' , \P^/H>^j; • • • ; Ao)| < C2~XW^'-''^ • (4.47) 

This follows from the fact that (31,1^ and are given by a sum of trees verifying the bound 

(2.32) with dy > 0, with at least an end-point respectively at scale and at scale j', hence one can 
improve the bound respectively by a factor 7^^^ and ). In the following we shall call this 

property the short memory property. Note that the boimd of ' is of order A|, instead of Xh, 
because of the symmetry (4.35), but a bound of order A^, would be sufficient. 
By a simple iteration, (4.45) can also be written in the form 



^-j-i.w =i'o,w + '^Pi^J{>^j','^j',oj;---;Xo, 1^0,0;) ■ (4.48) 
j'=j 

We want to show that it is possible to choose 1^0,0;, so that 1/0,0; is of order Xh and i'h,u} = 0. Since 
this last condition, by (4.48), is equivalent to 



1^0,w = - X] f^^^^M'^j^ ^J>! • • • ; Ao, I'O.a;) , (4.49) 
j=h+l 
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we see, by inserting (4.49) in the r.h.s. of (4.48), that we have to show that there is a sequence 
y_ = {pj, h + 1 < j <0}, such that I'cw is of order Xh and 

j 

^i=- E /3i/I,HA,',i^,',..,Ao,i^o). (4.50) 

r=h+\ 

In order to prove that, we introduce the space SJtg of the sequences v_ = {vj, /i + 1 < j < 0} 
such that \vj\ < cXhY-' , ^^i some c; we shall think DJle as a Banach space with norm W^We = 
sup/j_|_i<j<o Wj\'y~^''^h^- We then look for a fixed point of the operator T : 0)1$ — > SDTg defined as: 

j 

(Ti.)^=- E /3lCHA,',i^/,..,Ao,zvo). (4.51) 

j'=h+i 

Note that, if Xh is sufficiently small, then T leaves invariant the ball of radius Cq = 2ci 
Er=oT~" of Me, ci being the constant in (4.47). In fact, by (4.46) and (4.47), if \\u\\e < co, then 

j _ ° _ _ 

l(Ti^), l< E ciA,,7''^'+ E E coA/^7''c2Ah''^^"-^) < coA^7'^ (4-52) 

j'=h+l j'=h+li=j' 

if2c2A2(E~o7-")'<l- 

T is a also a contraction on ^Be, if Xh is sufficiently small; in fact, if z^, i^' € OJle, 



{Ti.)j - {TE')j\ < E lCHA,',z^i',-,Ao,z^o)-CHA/,4-'Ao,z^^) 

3 



(4.53) 



< E Elli^-^1I^A,/^C2Ah''^^'-)<i||z.-z,'||,A 



Hi'' 



j'=h+l i=3' 



if f-2A^(J^^g7 ")^ < 1/2. Hence, by the contraction principle, there is a unique fixed point z^* 
ofTonSe. I 



4.7 The constants Xj and Zj. 

We shall now analyze the constants Xj and Zj, h < j < —1, appearing in the expansion of 
G'^(ki, £2, ka, £4). We shall do that by comparing their values with the values of Xj and Zj. We 
start noting that the beta function equation for A^- can be written as 

^^■-^^ (^) 0^+1^1'^' (4-54) 

where jSj is the sum over the local parts of the trees with at least two endpoints and no endpoint 
of scale index +1, while Pj^^ is the similar sum over the trees with at least one endpoint of scale 
index +1. 

On the other hand we can write 

Ai-i = (^) ' + + ^i'^ + + ' > (4-55) 

where 

1) /3j is the sum over the local parts of the trees with at least two endpoints, no endpoint of scale 
index +1 and one special endpoint of type A. 
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2) p^/>+py> is the sum over the trees with at least one endpoint of scale index +1; in this case, 
the special endpoint can be of type A or Ti and, if it is of type Ti, its scale index must be equal 
to +1. l3j ' and Pj ' are, respectively, the sum over the trees with the endpoint of type A or Ti. 

3) i3f^ is the sum over the trees with at least two endpoints, whose special endpoint is of type 
T±. 

A crucial role in this paper has the following Lemma. 

Lemma 4.2 Let a = Xh/Xh,; then ifXh is small enough, there exists a constant c, independent of 
X, such that \a\ < c and 

\Xj - aXj I < cA^7^^ , /i + 1 < j < -1 . (4.56) 



Proof - The main point is the remark that there is a one to one correspondence between the 
trees contributing to f3j and the trees contributing to (ij . In fact the trees contributing to /3j have 
only endpoints of type A, besides the special endpoint v*, and the external field with uj = — and 
a = — has to belong to P„* . It follows that we can associate uniquely with any tree contributing to 
a tree contributing to f]j, by simply substituting the special endpoint with a normal endpoint, 
without changing any label. This correspondence is surjective, since we have imposed the condition 
that the trees contributing to f3j and f3j do not have endpoints of scale index +1. Hence, we can 
write 



1 



{Xj - aXj) + I3j - al3j = ^ f3j,i{Xi - a A,) , 



(4.57) 



where, thanks to the "short memory property" and the fact that Zj/Zj^i = 1 + 0(A|), the 
constants j3ji satisfy the bound < CXjj^^^^^'^\ with 9 defined as in Lemma 4.1. 



Among the four last terms in the r.h.s. of (4.55), the only one depending on the A^ is Pj^\ which 
can be written in the form 



0. 



(1) 



-1 

i=j 



(4.58) 



the being constants which satisfy the bound J < CXj-y"^^^, since they arc related to trees 
with an endpoint of scale index +1. For the same reasons, we have the bounds \(3j 
< CX^jl'^^K Finally, by using also Lemma 4.1, we see that < CXjXhl^"^ ■ 



^'^^1 <CA,-72^^ 



We now choose a so that 



Xh - OiXh = , 



(4.59) 



and we put 



Xj = Aj - aXj 



/i+l <i < -1 



(4.60) 



We can write 



3'=3 



J2 03',iXi + J2 ^'j'A^i + + + 0)r^ - ap[ 

i=j' i=j' 



(4.61) 



On the other hand, the condition (4.59) implies that 



X-l 



-1 

E 

j'=h+l 



-1 

E 



Pj',iXi + fi'rM + aXi) + 0P + - apS 



(4.62) 
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so that, it h + 1 < j < —1, the xj satisfy the equation 



■ E 

j'=h+l 



i=j' 



(1) 



We want to show that equation (4.63) has a unique solution satisfying the bound 

\xj\<coil + \a\Xh)Xhl'' , 



(4.63) 



(4.64) 



for a suitable constant cq, independent of h, if \h is small enough. Hence we introduce the Banach 
space Tie of sequences x = {xj, h + 1 < j < —1} with norm ||a;||e'=^supj \xj\j~^^Xj^^ and look for 
a fixed point of the operator T : Tig Tig defined by the r.h.s. of (4.63). By using the bounds 
on the various constants appearing in the definition of T, we can easily prove that there are two 
constants ci and C2, such that 



] -1 

|(Tx),-|<ciA^(l + |a|A^)7'^ +C2A^ J2 ^ ^''^''"'^l^^l • (^-^S) 

j'=h+l i=j' 

Hence, if wc take cq = Mci, M > 2, the ball 03 Af of radius co(l + |a|Aft,) in Tie is invariant under 
the action of T, if C2Xh{.J2n=o^~"f ^ 1/2- since 1/2 < (M - 1)/M. On the other hand, under 
the same condition, T is a contraction in all Tie; in fact, if x,x' G Tlo, then 

\{Tx)j-iTx%\<C2Xl\\x-x'\\ ^ Yl7''^^'-'h''<l\k-x'\\XHlO^ , (4.66) 

j'=h+i i=j' 

if C2A/,(^^g 7"")^ < 1/2. It follows, by the contraction principle, that there is a unique fixed 
point in the ball 05m, for any M > 2, hence a unique fixed point in Tie, satisfying the condition 
(4.64) with Co = 2ci. 

To complete the proof, we have to show that a can be bounded uniformly in h. In order to do 
that, we insert in the l.h.s. of (4.62) the definition of X-i and we bound the r.h.s. by using (4.64) 
and (4.65); we get 

|A_i -aA_i| < C3A,i + C4|a|A^ , (4.67) 

for some constants C3 and C4. Since |A_i| > C5|A|, A_i < C6|A| and Xh < 2\X\ by the inductive 
hypothesis, we have 

|aA_i| < |A_i| +C3A,, + C4|a|A^ ^ |q| < (ce + 2c3 + 2c4|a|Aft)/c5 , (4.68) 
so that, \a\ < 2{ce + 2cz)/c5, if AaXh < C5. | 



Remark. The above Lemma is based on the fact that Xj and A^ have the same Beta function, up 
to 0{'-f^^) terms (note that this is true thanks to our choice of the counterterms i'±, which implies 
that i'j^± are 0(7*-')). Hence if Xj is small, the same is true for Xj. 

We want now to discuss the properties of the constants zj, h < j < —1, by comparing them with 
the constants zj, which are involved in the renormalization of the free measure, see (2.23). There 
is a tree expansion for the zj, which can be written as 

Zj = f3j+P^'\ (4.69) 
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where /3j is the sum over the trees without endpoints of scale index +1, while Pj^^ is the sum of 
the others, satisfying the bound IPf'^l < CXf^'y^^ . The tree expansion of the Zj can be written as 

%=/3.+/3f (4.70) 

where /3j is the sum over the trees without endpoints of scale index +1, such that the special 
endpoint is of type A, Pj"^ is the sum over the trees whose special cndpoint is of type r±, and jSj^^ 
is the sum over the trees with at least an cndpoint of scale index +1 (in this case, if the special 
endpoint is of type Ti, its scale index must be +1, see discussion in §4.4). 

Since there is no tree contributing to 0^^^ without at least one A or A endpoint and since all trees 
contributing to it satisfy the "short memory property" , by using Lemma 4.2 (which implies that 
|Aj| < CA/i), we get the bound < CXh^^^ . In a similar manner, by using Lemma 4.1, we see 

that <CA2 7«^-. 

Let us now consider /Jj and ^j. By an argument similar to that used in the proof of Lemma 4.2, 
we can write 

-1 

- a(3j = (3j,iCXi - aXi) , (4.71) 

i=j+i 

where a is defined as in Lemma 4.2 and < CXhl^^'' ■ Hence, Lemma 4.2 implies that 

\zj - azj\ < CXhj^^ . (4.72) 

4.8 T/ie 6oW o/G^(ki,k2,k3,k4). 

There are various classes of trees contributing to the tree expansion of (^^(ki, £2, £3, k4), de- 
pending on the type of the special endpoint. Let us consider first the family of the trees with 
an endpoint of type A. These trees have the same structure of those appearing in the expansion 
of G'!^(ki, k2, k-j, £4), except for the fact that the external (renormalizcd) propagator of scale h 
and momentum £4 is substituted with the free propagator g_(£4). It follows, by using the bound 
|Aj| < CXh, that a tree with n endpoint is bounded by {CXh)^Z^^j~^^, larger for a factor Zh 
with respect to what we need. 

Let us now consider the family 7^ of the trees with a special endpoint of type z. Given a tree 
T € 7^, we can associate with it the class 7^^^ of all t' ^T^, obtained by r in the following way: 

1) we substitute the endpoint v* of type A of r with an endpoint of type A; 

2) we link the cndpoint v* to an cndpoint of type z trough a renormalizcd propagator of scale h. 
Note that 7j = UteT^'^z.t and that, if r has n endpoints, any t' G Tz,r has n + 1 endpoints. 

Moreover, since the value of £4 has be chosen so that fhi^i) = 1, ^^-'^(£4) = hence 
it is easy to show that the sum of the values of a tree r e 7^, such the special endpoint has scale 
index j* + 1, and of all r' e T^^r is obtained from the value of r, by substituting Xj* with 

A.-.=V-A,.^f^, (4.73) 

see Fig. 10. 

On the other hand, (4.72) and the bound Zj < 'y-'^^l^ ^ see [BMl], imply that, if A/, is small 
enough 

-1 -1 

\zjZj - azjZj I < C^hl^^Zj < CXh ■ (4.74) 

j=h j=h 
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It follows, by using also the bound (4.56), that 



+ (4.75) 



Zh-1 

Moreover, since Zj-i = Zj{l + zj), for j e [—1, h], and Z-i = 1, it is easy to check that 

-1 

Zn-i-J2^jZj = ^- (4-76) 
This identity. Lemma 4.2 and (4.75) imply the bound 

|A,..|<C^, (4.77) 

which gives us the "missing" factor for the sum over the trees whose special endpoint is of 
type A or z. 

Let us now consider the family % of the trees with a special endpoint of type T±. It is easy to see, 
by using Lemma 4.1 and the "short memory property" , that the sum over the trees of this class with 
n > normal cndpoints is bounded, for Xh small enough, by (CA/i)""'"^Z^^7~'"* J2jlh 
< iCXh)"+'^Z-^"f'^'^-^'>^, which is even better of our needs. 

We still have to consider the family 71 of the trees with a special endpoint of type Ti . There is 
first of all the trivial tree, obtained by contracting all the tp lines of Ti on scale h, but its value is 
0, because of the support properties of the function x(p). Let us now consider a tree t gTi with 
n > 1 endpoints of type A, whose structure is described in item 5) of §4.5, which we shall refer to 
for notation. If wc put hy-^ = ji + 1 and h^^ = j2 , then the dimensional boimd of this tree differs 
from that of a tree with n + 1 normal endpoints contributing to G!^(ki, k2, ka, 6:4) for the following 
reasons: 

1) there is a factor Zj^^ missing, because the external (rcnormalized) propagator of scale h and 
momentum £4 is substituted with the free propagator g_(k4); 

2) there is a factor \Xj^\Zj^ missing, because there is no external field renormalization in the 
Ti(V'['*'^l) contribution to V^^HV'''''^''), see (4.43); 

3) if Pi contains only one of the two external lines of vi belonging to 5p, then there is a factor 
^-(j2-h) missing, because the absence of regularization in the vertices v < V2, but this is compen- 
sated by the same factor arising because of the bound (4.22), see discussion after (4.28) and in 
§4.4, so that the "short memory property" is always satisfied; 

4) there is a factor missing, because of the remark following (4.22). 

It follows that the sum of the values of all trees r G 71 with n > 1 normal endpoints, if Xh is small 
enough, is bounded by (CAft)"7-^'' E°i=/, ■^.^'l^^^''""'^^ < (CAfc)"!-^''^^^ 
By collecting all the previous bounds, we prove that the bound (3.34) of Lemma 3.1 is satisfied 

in the case of H'^^. 

Remark. In Ti and in the Grassmannian monomials multiplying i^j.-i-, an external line is 
always associated to a free propagator ^_(k4); this is due to the fact that, in deriving the Dyson 
equation (3.10), one extracts a free propagator. Then in the bounds there is a Z^ missing (such 
propagator is not "dressed" in the multiscalc integration procedure), and at the end the crucial 
identity (4.76) has to be used to "dress" the extracted propagator carrying momentum 6:4. 

4.9 The bound in the case of H'^^ . 

If we substitute, in the l.h.s. of (4.1) if^'^ with H^l'^ , we can proceed in a similar way. By using 
(3.23), we get 

9-{^i)j^^XM{v)D^^{v)H'h^{Y>\'^iM,'^3,'^- P) = 
p 
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T 



p k 

We define (5i(ki,k2,k3,k4) as in (4.2) with W replaced by W- given by 



(4.79) 



= :^ E*^(p):^ E ^^^^^y^w^-4--p,-)v;i_p,_4j(k4) , (4.80) 

p k +vf/ 

T+,T_ being defined as in (4.5), (4.6). By the analogues of (4.9), (4.10) we obtain 

rV4/, , , N n \ ^ Sr ~ f .•ff-^(p;ki,k2,k3,k4-p) 
-G_(ki,k2,k3,k4) =5(_(k4)-^2^XM(p) . (4.81) 

The calculation of (ki, k2, ka, k4) is done via a multiscalc expansion essentially identical to the 
one of G^(ki,k2,k3,k4), by taking into account that Spp^+ has to be substituted with 

Let us consider the first step of the iterative integration procedure and let us call again 
the contribution to the effective potential of the terms linear in J. Let us now decompose 
V(-i)(^['^ -11) as in (4.23) and let us consider the terms contributing to Va7i^^(V'''''"^')- The 
analysis goes exactly as before when no one or both the fields and V'k-p - of ^Pp,- are con- 
tracted. This is not true if only one among the fields "^k - ^nd V'k-p - 2^2 ("0) is contracted, since 
in this case there are marginal terms with two external lines, which before were absent. The terms 
with four external lines can be treated as before; one has just to substitute D+(k.~)g^\]i'^) with 
£'_(k-)g(^^(k+) in the r.h.s. of (4.28), but this has no relevant consequence. The terms with two 
external lines have the form 



/ 



rfk-V'^-^ _5_(k4)Jk,XM(k' - k-)Gl'^^(k_) ■ 

r [G^,o(k4)-i]i^-(k4)£°^(k-) _ ..o(k-) 1 ^^-^^^ 

■ \ D+(k4-k-) I)+(k4-k-) J ' 

where G^\]s.-) is a smooth function of order 1 in A. However, the first term in the braces is equal 
to 0, since |k4| = implies that G^ 0(^4) — 1 = 0. Hence the r.h.s. of (4.83) is indeed of the form 



/ 



dk-V't _5-(k4) Jk,XM(k4 - k-)Gl°^(k_)-^-^^^^ , (4.84) 



so that it can be regularized in the usual way. 

The analysis of v!:,^2^\ip^'''-^^) can be done exactly as before. Hence, we can define again A_i and 
z-i as in (4.30), with A_i = G(A) and Z-i = 0(1). 
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Let us consider now the terms contributing to vj^ that is those where ij)^ _^ is not contracted 
and there is a vertex of type T2. Again the only marginal terms have four external lines and have 
the form 

(4.85) 

Fi-_^^(k+,k+ - p) + F(-_^)(k+,k+ - p)5_. 



^-(P) 



^+(P) 

where we are using again the definition (132) of [BM2] (hence we have to introduce in the r.h.s. of 
(4.85) the factor D_(p)/D+(p)). The analysis of the terms F;^^~^^(k+, k+ — p) is identical to the 
one in §4.3, while, as shown in [BM2], the symmetry property (4.35) implies now that, if we define 

F2;i_^(k+,k-) = -^-l-y [poAo,-,i.(k+,k-)+piAi,_,i(k+,k-)] , (4.86) 



and 



then 



jOF^,-,i, = [po^o,-,cd(0,0) +piAi,_,<i(0,0)] , (4.87) 



^P2-X+ = Z'ji^^^ , CF^,\- = Z'lt, (4.88) 

where and are the same real constants appearing in (4.38). Hence, the local part of the 
marginal term (4.85) is, by definition, equal to 



Z^j+T+iip'^'''--^^) + z!'i"T_(i/;['''-^]) . (4.89) 



The analysis of 2 can be done exactly as before, so that we can write for an expression 

similar to (4.42), with T2(^f'*'~^l) in place of Ti(?/'['*'~^1) and v'_-^ _|_ in place of V-i,±. One can 
prove that, for simple symmetry reasons, v'_i ^ = I'-i,^, if i''± = y^^, but this property will not 
play any role, hence we will not prove it. 

The integration of higher scales proceed as in §4.4. In fact, the only real difi^erence we found in the 
integration of the first scale was in the calculation of the 0(1) terms contributing to but these 
terms are absent in the case oi Zj, j < —2, because the second term in the expression analogous 
to (4.83), obtained by contracting on scale j < only one of the fields of (5/Op,-, is exactly zero. 
It follows that the tree structure of the expansion is the same as that described in §4.5 and the 
constants v'^ can be chosen again so that the bound (4.44) is satisfied even by the constants y'j ,^. 

In the analysis of the constants Xj and Zj there is only one diflference, concerning the bound (4.72), 
which has to be substituted with 5_i — az-i < C, in the case j = —1, but it is easy to see that this 
has no effect on the bound (4.77). It follows that the final considerations of §4.8 stay unchanged 
and we get for Gl(ki,k2,k3,k4) a bound similar to that proved for (5^(ki,k2,k3,k4), so ending 
the proof of Lemma 3.1. 



Appendix Al. The ultraviolet problem and the Thirring model 

Thanks to the linearity of the propagator, the above analysis can be used with no essential 
modifications to construct the massless Thirring model (see for instance [Z]), by removing the 
ultraviolet cutoff. We shall sketch here the main ideas: the details will be publislicjci elsewhere. 

The Thirring model describes Dirac fermions in d = 1 + 1 interacting with a local current-current 
interaction; its action is 

J dx[-^x ;5^x - ^ J^(x) J^(x)] {Al.l) 
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where jd = jodxo + lidx, x = (xq, x), -i/ix = "0x70) V'x is a two component spinor field (to not be 
confused with a Grassmannian field), J;n(x) = ■^x7;iV'x and 70 = cri, 71 = C72 are Pauli matrices. 
The generating functional of the Thirring model is the following Grassmannian integral with 
infrared cutoff 7'' and ultraviolet cutoff 7^, with h, N integers and N > 



W(<A, J) = log I Pz,(#['''^])exp I - 



{A1.2) 



N]- 



whcrc Pz„(d'0'^'^') is given by (1.3), with Ch.oOi) replaced by C/i,jv(k) = YljLh fjO^) ^^'^ V'k^''^ 



replaced by V-^ArV'jf^''^' V(V''^'''^') is given by 



y(^[^.^i) = A,v y dx V'itv^i+V'!.':^ "<-^'+V'it-^'" ; (^1-3) 

Zjv is the (bare )wave function renormalization, Z^^^' is the (bare )density renormalization and Ajv 

is the (bare) interaction. In order to get a nontrivial limit as N ^ 00, it is convenient to write Ajv 
(2) 

and Z)^' in terms of Zn and two new bare constants, Xn and cjv, in the following way: 

Atv = (^Af)'Ajv , z'^^^=cnZn. (AlA) 

One expects that the model is well defined if Ajv and cpf converge to finite non zero limits and 
Zn ^0, as iV ^ 00; moreover, in order to apply our perturbative procedure, Xn has to be small 
enough, uniformly in A''. 

The proof of this claim is essentially a corollary of the above analysis for the infrared problem. 
The RG analysis in §2 can be repeated by allowing the scale index j to be positive or negative. 
The Ward identity (3.14) holds with a factor Zn/Z)^' multiplying and A.^; , and we get the 
identity 



7(2) 



CNZh 



< CXl . (A1.5) 

In the same way, from the Dyson equation (identical to (1.11), with XnZn/Zj^ in place of A in 
the r.h.s), and proceeding as in §3 and §4, we get that for any h one has \Xh — Xn\ < c^X\j^-^^ 
(compare with (3.2)), so that the expansion is convergent, if A^r is small enough. By (3.4), Zn 
must be chosen so that Zn^^^^^'^^ is convergent for AT —> 00 to some constant, which can be 
fixed by requiring, for instance, that Zq = 1. In the same way wc can fix limAr^oo Xn so that, for 
instance, Aq = A, with A small enough; of course Xn = A + 0{X^). The choice of limjv^oo cn is a 
free parameter, whose value has no special role. 

Finally we shall discuss the form taken from Ward identities when the ultraviolet and the infrared 
cutoff are removed. The analogous of (3.20) for the model (A1.2) is 

(l-r.+)D+(p)G^i(p,ki,k2,k3,k4-p)-4^:._7?_(p)Gi'i(p,ki,k2,k3,k4-p) (A1.6) 



^N 



= G^(ki - p,k2,k3,k4 - p) - G^(ki,k2 +p,k3,k4 - p) + Zjvi?+^(p,ki,k2,k3,k4 - p) , 

with given by (3.21) with the cutoff function G^J replaced by Cj^\q- The counterterms v± are 

found by a fixed point method as in Lemma 4.1, with the only difference that the ultraviolet scale 
is replaced by the scale A'^; y±,v'j^ tend to a non vanishing well defined limit &s N ^ oo,h ^ —00. 
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In the same way the analogous of (3.22) is 



— ^(1 - :/L)D_(p)Gl:^(p,ki,k2,k3,k4 - p) ^i^^D+(p)G^^(p, ki, ka, ka, k4 - p) 



= G^(ki, k2, k3 - p, k4 - p) - (ki, k2, ks, k4) + ZNHt'\p, ki, k2, ks, k4 - p) , {A1.7) 

It is a straightforward consequence of our analysis (in particular of the short memory property 
we used extensively throughout the paper) that in (3.20) and (3.22) for the model (A1.2), if the 
external momenta have a fixed {i.e. independent from h,N) value, then 

lim Zjvi?i''(p,ki,k2,k3,k4-p) = 0. {A1.8) 

N —*oo 
h—>- — oo 

Hence, if we sum the two Ward identities above and remember that u+ = v'_ and v- = we 
get, in the limit A?" — > oo, /i — > — oo 



X! ^'^(P)- — — ^Gy(p,ki,k2,k3,k4 - p) = G|(ki - p,k2,k3,k4 - p)- 



Cjv 



(A1.9) 



- G+(ki,k2 +p,k3,k4 - p) +G+(ki,k2,k3 - p,k4 - p) - G+(ki,k2,k3,k4) 



The above Ward identity is identical to the formal one, obtained by a total gauge transformation, 
except for the factor (1 — i/+ — y'_)/cN multiplying G^'^; in other words, the formal Ward identity 
holds when the cutoffs are removed, up to a finite interaction-dependent renormalization of the 
density operator. A similar phenomenon appears also in perturbative QED [H] and is called soft 
breaking of gauge invariance. Of course it is possible to choose Zj^^' so that the formal Ward 
identity is verified, i.e. we can choose cn = — v+ — 

On the contrary, the Ward identities (3.20) and (3.22), obtained by a chiral g&nge transformation, 
do not tend in the limit to the formal Ward identities (obtained by (3.20) and (3.22) putting 
v± = = Q); beside the renormalization of the density operator, an extra factor appears in the 
identity, namely G1'^ in (3.20) or G^^ in (3.22). This phenomenon is called chiral anomaly, see 
[Z], and is is present also in perturbative QED. 
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